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Abstract

A nonlinear free surface solution methodology is incor-
porated within an existing three-dimensional, unstruc-
tured Navier-Stokes solver,� �� � �� . This portable,
parallel solver uses a node-based finite volume method
to solve the incompressible Reynolds-averaged Navier-
Stokes equations on mixed element high-aspect ratio
grids, includes several turbulence models to simulate
the affects of turbulence within the boundary layer, and
has the capability to simulate flow through rotating pro-
pellers accurately. To obtain a nonlinear free surface,
the kinematic free surface equation is solved at each
time level via a finite element implementation, valid
on both triangles and quadrilaterals; after several time
steps (approximately 200), the grid is moved to match
the free surface elevations while conforming to the ge-
ometry. Robust grid movement is achieved by using a
three-dimensional extension of Farhat’s torsional spring
analogy. Validation studies include a grid refinement for
the free surface on a circle based on a prescribed veloc-
ity field, and of flow around a submerged NACA0012
hydrofoil. For the NACA0012 hydrofoil, for the viscous
and inviscid Wigley hull and for the DTMB Model 5415
series hull, wave profiles along the hull are compared
against available experimental results as well as numeri-
cal results from a more mature structured nonlinear free
surface code UNCLE.

Introduction

Modeling the free surface generated by surface
ships and by submerged vessels near the water surface
is important for proper understanding of the flow around
these vessels. In particular, the free surface changes the
resistance of the vessels through the water by chang-
ing the pressure distribution and the wetted surface area.
�
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The free surface affects the location and magnitude of
the vortices that originate from various locations, in-
cluding the bow, appendages and propellers, which can
greatly affect the performance of the propellers. The
wave signatures of ships and submarines is also of im-
portance. Surface vessels under investigation by ship
designers attempt to mitigate the negative influences of
the free surface interaction on cavitation, power require-
ments and wave signature and attempt to use the free
surface to improve the performance in other ways. Be-
cause of the novelty of many of these designs, which
often are not direct extensions of current designs, ex-
tensive sets of experimental data may not yet exist, and
designers are more apt to rely on data from numerical
simulations. Furthermore, the effects on the ship’s per-
formance caused by maneuvering through a change in
direction, or through various sea states, especially in
regards to sea-keeping and cavitation in littoral water
are of importance in the designs and can not be readily
tested by experiment.

A longterm goal of the research into numerical sim-
ulations is to develop the ability to study the perfor-
mance of a full ship design, including the interactions
of the various appendages, sonar domes, rudders, shafts
and propellers, as the ship maneuvers in response to
changes in the settings of the rudders and propellers. To
accomplish this goal, efficient and accurate free surface
simulations are needed. Other necessary components
to achieve this goal include capabilities to monitor the
onset of incipient cavitation, to perform simulation of
several vessels in motion relative to one another and to
adapt the grid to capture vortices in the water.

Currently, the implicit unstructured code being
developed by researchers in the Computational Sim-
ulation and Design Center at Mississippi State Uni-
versity solves the three-dimensional, turbulent, incom-
pressible Navier-Stokes equations, via an edge-based,
flux-differencing finite volume methodology with Roe-
averaged variables. Hyams� successfully parallelized
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the code and has ported the code to a wide vari-
ety of high performance machines. The unstructured
grid generator� has the capability of building highly
stretched high-aspect ratio grids near viscous surfaces,
which include higher order elements such as pyramids
and prisms. Other areas of code development include
realistic rudder and propeller-induced motion and full-
scale Reynolds number simulation.

Much of this work is an extrapolation of the free sur-
face algorithm used within the three-dimensional struc-
tured code UNCLE also developed at Mississippi State
University. Beddhu� developed the structured free sur-
face solver, using a modified artificial compressibility
formulation. This algorithm was applied to steady and
unsteady flow around the Wigley hull

�
, to the nonap-

pended DTMB model 5415 series hull
�
, to the Series 60

�� � � ��
ship� and to a more detailed stern analysis

for the model 5415 series hull	, which were presented
at the Gothenburg 2000 conference
.

Navier-Stokes Solution Algorithm

Three different sets of equations are solved in the
process of simulating the flow around surface ships and
submerged vessels near the water surface. The unsteady
incompressible Reynolds-averaged Navier-Stokes equa-
tions, which are presented here in Cartesian coordinates
and in conservative form, are solved to determine the
velocity and pressure within the computational domain.
Either the Spalart-Allmaras� or the � 
 � turbulence
model�� is used to simulate the turbulent viscosity pri-
marily within the boundary layer, and the kinematic free
surface equation is solved to advance the free surface in
time.

Assuming that gravity acts in the y-direction (i.e.,
the vertical direction), the incompressible Navier-Stokes
equations can be expressed in dimensional form, de-
noted with superscript�, as� � �� � � � �� �� � � � �� �� � � � �

�� �� �� � �� �� �� �� � � ��� � � �� � � �� �� �  
� �� � � �� �� �  � ! �" �� �� � �� �� � ��� � �� �� � � �� � � �� � � � � ��� � #� ��� �� � � �� �� �  � ! �" �� �

�� �� �� � �� �� �� �� �  � ��� � �� �� �  � �� � � �� � � � � ��� � � !�" �� � (1)

The variables in the preceding equation are normal-
ized with respect to a characteristic length scale (�)
and free stream values of velocity (�� ), density (�� ),
and viscosity (!� ). Thus, the Reynolds number is de-
fined as$% � ��� &'� . Pressure is normalized with� � �� � � �� #� � 
 ��  &�� � �� , where� � is the
local dimensional static pressure. Following Chorin��
and Taylor��, an artificial time derivative term (

��(&� �
,

where �( � � &) ) has been added to the continuity
equation to cast the complete set of governing equa-
tions into a time-marching form. The nondimensional-
ized equations can be written in integral form as�� � *+ ,-. � */+ 01 2 304-5 � 6$% */+ 07 2 304-5 (2)

where
304 is the outward pointing unit normal to the con-

trol volume. . The vector of dependent variables and
the components of the inviscid and viscous flux vectors
are given as

, � 899: ����
;<<= (3)

1 2 304 � 899: ) �> 
 ?@  �> � 34A��> � 34B�� > � 34C�
;<<= (4)

7 2 304 � 899:
�34ADAA � 34B DAB � 34C DAC34A DBA � 34B DBB � 34C DBC34ADCA � 34B DCB � 34C DCC

;<<= (5)

where) is the artificial compressibility parameter (typ-
ically 15 in this work),

�
,

�
, and

�
are the Cartesian

velocity components in the
�
,
�
, and

�
directions, and34A , 34B , and 34C are the components of the normalized

control volume face vector.> is the velocity normal to
a control volume face:

> � 34A� � 34B � � 34C� � ?@ (6)

where the grid speed?@ � 
 �EA 34A � EB 34B � EC 34C  .
Note that 0EF � EA3G � EB 3H � EC 3I

is the control volume
face velocity. The viscous stresses given in Equation 5
are DJK � �! � !@  ��� J� �K � ��K� �J � (7)
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where! and!@ are the molecular and eddy viscosities,
respectively.

The incompressible Reynolds-averaged Navier-
Stokes equations are discretized via an edge-based,
node-centered finite volume methodology using Roe-
averaged variables to calculate the flux across the con-
trol volume faces and a directional derivative approach
and a least squares method to integrate the viscous
terms. Once discretized, the equations are solved im-
plicitly using a symmetric Gauss-Seidel solver. For a
better understanding of the flow solver, the interested
reader is directed to Hyams�� ���.

Nonlinear Free Surface Algorithm

A nonlinear free surface is obtained for a steady-
state simulation by solving the kinematic free surface
boundary condition at each time level and imposing the
hydrostatic pressure distribution based on the new free
surface elevation onto the free surface boundary within
the mean flow. After several time steps, typically on the
order of 200, the grid is moved to match the free surface
elevations while conforming to the surfaces that inter-
sect the free surface, such as the hull of a ship or the
sail of a submarine; and as the loosely coupled interac-
tion between the free surface solver, the RANS solver
and the grid movement algorithm converges, the solu-
tion converges to the nonlinear free surface solution.

In deriving the kinematic free surface boundary con-
dition, the free surface� �� � � � � � � � �

is considered as
a material surface (i.e., no flow travels through the sur-
face), so ��� � � �

(8)

or� �� � � �� 
 EA � ��� � �� 
 EB  � �� � � �� 
 EC  � �� � � �
(9)

By making the assumption that the free surface� can
be expressed as� �� � � � � � � � � 
 � �� � � � � � �

, this
equation reduces to� �� � � �� 
 EA  ���� 
 �� 
 EB  � �� 
 EC  � �� � � �

(10)

At steady-state, the kinematic boundary condition be-
comes

� 0� � ?@  2 ����� � 
6 � ��� � � � �
� 0� � ?@  2 � 34 � F � � (11)

where
� � � 6 � �/ 	/ A 
� � �/ 	/ C 
� and ?@ is the grid

speed
 �EA 34A � EB 34B � EC 34C  , so the flow is tangent
to the free surface at steady-state.

The pressure in the numerical simulation at the free
surface is set based on the free surface elevation. For
the original, dimensional equations, the pressure at the
free surface is the atmospheric pressure�� . Using the
nondimensionalization,� � � �
�� �B � ����� � �� with � � ��� and

B �� � � , the pressure is set to� � 	� �� , where
the Froude number is����� .

Free Surface Solution Algorithm

The kinematic equation for the linear free surface is
solved via a Galerkin finite element approach. In this ap-
proach, an algebraic equation is obtained for each node

H
by multiplying the governing equation by a weight func-
tion �K �� � �  , approximating the terms in the governing
equation by using linear and bilinear interpolating func-
tions� J �� � �  and integrating over the computational do-
main, or

*+ �K �� � �  �� ��� � � ��� 
 �EA� � ��� � 
 ��� 
 �EB�
� � �� 
 �EC� � ��� � � � �

(12)

where
�� �� � �  � � J � J� J �� � �  is the interpolated free

surface elevation and�� �� � �  � � J � J� J �� � �  is the u-
velocity, with the other velocity components of a similar
form.

For the triangular elements, the resulting equations
are integrated using 7 point Gauss quadrature, and for
the quadrilateral elements, the integrals are solved ei-
ther using 6 point Gauss quadrature in both directions.
A first-order backward time discretization of Equation
12 is used for the temporal derivative, where

/  	/ @ � 	 !"#�  	 !$ @ and the spatial terms are evaluated at the un-
known time level4 � 6. This discretization results in a
linear algebraic system of the form%� F �� &
 � � � &  ��
. Since these equations are linear in the unknown vari-

able � &
 �J at each time level (i.e., the velocities are
frozen), the Jacobian matrix is calculated only once per
time level. A Gauss-Seidel iterative solver is used to
identify the solution of the kinematic free surface equa-
tion by solving' �%� F� � &
 � ( )� &
 � �* � 
%� F �� &
 � �* � � &  (13)
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where� &
 � �*
 � � � &
 � �* � )� &
 � �* and� &
 � �� &
 � �*
 � when�)� &
 � �* � � tolerance.
Within the viscous boundary layer, special care is

needed in solving the kinematic free surface equation.
On viscous surfaces, the flow velocity plus the grid ve-
locity (i.e., 0� � ?@) is set to zero, which prevents the
free surface from moving at the viscous surface. Phys-
ically, however, the effects of surface tension force the
free surface to rise and fall along the viscous surfaces.
Since the solver does not simulate surface tension, an-
other method must be employed to move the free surface
near the viscous surfaces. Following the method used in
the structured solver, the free surface at a certain dis-
tance from the viscous surface is extended at a constant
height to the viscous surface. This distance is typically
on the order of� � 6���

times the characteristic length
� , whereas the point spacing off of the viscous surface is
on the order6��� for model scale simulations and6��

for full scale simulations.

Free Surface Boundary Condition

At the free surface boundary, the pressure is set to
the hydrostatic pressure of� � 	� �� . Determining the
velocity to impose on the boundary is more difficult. If
the velocity were forced to be tangent to the free surface
(i.e., � 0� � ?@  2 34 � F � �

), then the free surface equation
would reduce to

/ 	/ @ � �
, and the free surface could not

evolve. Thus, this tangency condition is relaxed to allow
the free surface to evolve.

This boundary condition is implemented using a
characteristic variable boundary condition, similar to the
derivation used for the farfield boundary condition. For
hyperbolic systems, flow information travels along char-
acteristics; and for the equations of interest, three char-
acteristics originate upstream, and one originates down-
stream. If the flow is traveling out of the domain (i.e,� 0� � ?@  2 34 � �

), then only one characteristic needs to
be specified from the outside, which is derived from the
hydrostatic pressure. If the flow is traveling into the do-
main, three characteristics need to be specified from the
outside.

The characteristic variables are derived from con-
sidering the inviscid fluxes across the the boundary face,
via �,� � � "1 2 304 � �

(14)

where
304 is the normal to the grid for each boundary face.

The inviscid flux term can be rewritten as

"1 � �1�, ", � $�$ ��", (15)

where� is a diagonal matrix with the eigenvalues>, >,> � �
and> 
 �

, where> � � 34A � � 34B � � 34C � ?@
and

� � � �> 
 ( �
�


� � ) . Premultiplying by$ ��,
$ �� �,� � � �$ ��", 2 304 � �

(16)

Freezing the matrix$ ��� � $ �� �, J&  ,�$ ��� ,� � � �" �$ ��� , 
 2 304 � �
(17)

Using the definition	 �,  � $ ��� , , Equation 14 de-
couples into four equations for the four characteristic
variables	 as �	� � � �"	 2 304 � �

(18)

Three of the characteristics are obtained from upstream
values, and one of the characteristics is obtained from
downstream values. In the case of a boundary face, there
are a set of characteristics associated with the inside flow
	 J& �, J&  and a set of characteristics associated with
the outside flow	 �
@ �, �
@  . The flow variables on the
boundary face are determined from the appropriate char-
acteristic variables via, � $ �	 . For flow traveling
out of the domain, the characteristic variables are cho-
sen to be

	 � 899:
� J&�� J&�� J&�� �
@�

;<<= (19)

because the fourth eigenvalue> 
 �
is negative, while

the other eigenvalues are positive. For flow traveling
into the domain, only the third eigenvalue is positive, so
the characteristic variables are chosen as

	 � 899:
� �
@
�� �
@
�� J&�� �
@�

;<<= (20)

For farfield boundary conditions, the characteristic vari-
ables associated with the outside flow are taken as the
free stream variables. For free surface boundary condi-
tions, the characteristic variables for the outside flow are
determined from the hydrostatic pressure and the only
available velocity information, which is the velocity on
the inside. However, this velocity is modified by remov-
ing a portion of the velocity component that is not tan-
gent to the grid, via0� �
@ � � 0� � ?@  
 � �� 0� � ?@  2 34  � 0� � ?@  (21)

4
AMERICAN INSTITUTE OFAERONAUTICS AND ASTRONAUTICS



where

� � �
 �0� � ?@  2 34 if 
6 � � 0� � ?@  2 34 � �
6 if � 0� � ?@  2 34 � 
6

(22)
When� is 1, the velocity imposed from the outside is

tangent to the grid (i.e.,
� 0� �
@ � ?@� 2 34 � �

). When the

velocity was not modified or constrained in some fash-
ion, the free surface algorithm became unstable for flow
into the domain due to the inconsistency of using down-
stream information. This modification provides enough
control over the velocity to maintain stability of the al-
gorithm, and if the grid is allowed to move to match the
free surface, then this modification ensures that the flow
will be tangent to the free surface at convergence.

Grid Movement Algorithm

After several time steps, the grid is moved to match
the free surface while conforming to any solid surfaces
intersecting the free surface, with displacements on the
surface being propagated into the volume grid. Several
methods are available for this grid movement, includ-
ing the use of a Laplacian solver to propagate the sur-
face perturbations into the volume grid, the use of a lin-
ear spring analogy where each edge is a spring whose
stiffness is determined by the length of the edge, a tor-
sional/linear spring analogy where the angle between
the edges affects the stiffness of the springs in the mesh,
or solving the linear elasticity equations to propagate
the perturbations within the grid. The spring analogy
is computationally efficient but is not robust. Both the
spring analogy and the Laplacian solver generate ele-
ments with negative volumes for moderate amounts of
movement, on the order of the size of 3 to 4 elements.
Solving the linear elasticity equations to move the grid
is robust, but the computational cost associated with this
method is the primary drawback.

Thus, following the work of Farhat�
�

and extending
it to three dimensional grids, the torsional/linear spring
analogy has been developed and applied to the problem
of moving the grid to match the linear free surface eleva-
tions. For tetrahedral grids, this method is quite robust,
allowing severe distortions on the surface while main-
taining positive volume elements. In practice, this al-
gorithm allows up to approximately 80% compression
of elements. Within the boundary layer, (i.e., near the
viscous surfaces), the grid moves rigidly in relation to
the points on the boundary. This grid movement method
is computationally costly but provides excellent robust-
ness for the free surface solver.

The linear spring method for moving an unstruc-

(x  ,y  )jj

∆y

(x  ,y  )

y  - y

x  - x ii i

ij

j

α

Figure 1: A Displacement in y-Direction Results in Dis-
placements in x and y Directions

tured grid is presented by Batina�� where each edge in
the grid is replaced by a linear spring whose stiffness is
inversely proportional to the length of the edge. Thus,
for the edge connecting nodes

G
and

H
, the stiffness

IJK
of the spring isIJK � 6��� J 
 �K  � � ��J 
 �K  �  ��� � 6��JK (23)

where the coordinates of nodes
G

and
H

are �� J � �J  and��K � �K  and� is a predetermined coefficient, usually 1
or 2, and

�JK � � ��� J 
 �K  � � ��J 
 �K  �  . Given
a set of nodal displacements or forces acting on the
boundary of the computational grid, the following equa-
tions for the interior displacements are solved iteratively
until all the forces are in equilibrium

)�&
 �K � � J IJK )�&J� J IJK
)� &
 �K � � J IJK )� &J� J IJK (24)

where
G

is summed over all edges connected to nodeH
. This method is easily extended to three dimen-

sions and is computationally efficient requiring only a
few Jacobi iterations to achieve an acceptable level of
accuracy. Several researchers have used this method
to move nodes in unstructured grids for simulating
flows around objects in relative motion�	 and for design
optimization�
.

Technically speaking, these equations do not simu-
late the behavior of a network of springs because there
is no interaction between the

�
and

�
coordinates. A

displacement in one coordinate will not influence the lo-
cation in the other coordinate, as would be the case for
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Figure 2: Negative Areas Produced by Linear Spring
Method

a network of springs. An example of this coupled in-
terplay is shown in Figure 1, where a displacement in
the y-direction is applied to node

H
which results in a

displacement in both directions for node
G
. To simulate

the behavior of a network of springs, the following set
of equations for each spring must be summed over all
springs:

forces in the x-direction�IJK ��)�J 
 )�K  ���� �� �)� J 
 )�K  ��� � ��� � �
forces in the y-direction�IJK ��)�J 
 )�K  ��� � ��� �� �)� J 
 )�K  ��� � �	

(25)

Unfortunately, this method often fails for compli-
cated geometries and for large changes in the bound-
ary, because negative areas are generated when a node
crosses over an edge in the grid. The creation of negative
areas is illustrated in Figure 2, where node6 is pushed
downwards and node
 is forced to cross the edge be-
tween nodes� and�. The reason for this failure is that
the stiffness in the linear spring method prevents two
nodes from colliding but does not prevent a node from
crossing over an edge. As two nodes get closer together,
the stiffness increases without bound preventing the col-
lision; but there is no mechanism to prevent a node from
crossing an edge, because these crossovers can occur
without the stiffness increasing without bound.

To provide a more robust movement algorithm for
unstructured grid, Farhat developed an algorithm to pre-
vent a node from crossing an edge by using torsional
springs around each node, as shown in Figure 3. The
stiffness of the torsion spring� JK � is inversely propor-
tional to the sine of the angle, so that the stiffness grows
without bound as the angle decreases towards zero or
increases towards6
��

, or

� JK � � 6��� � � JK �J (26)

θ i
ijk

Torsional Spring
Linear Spring

Linear Spring

k

ji

Figure 3: Placement of Linear and Torsion Springs

where� JK �J is the angle centered at node
G

formed from
the edges

GH
and

GI
. Thus, as a node moves towards

an edge, the angle goes towards zero, and the stiffness
of the torsion spring grows. The sine of the angle is
squared to prevent a negative stiffness.

In Farhat�
�
, the equations for the torsional spring

methods are derived for two-dimensional grids, and an
iterative solution method is presented. In the present
work, these methods have been extended into three di-
mensions, which provides an adequate level of robust-
ness for the grid movement algorithm. The derivation of
the three-dimensional torsional spring equations is not
the focus of this paper and will be presented elsewhere.

Examples

The examples presented in this section include those
that verify the implementation of the nonlinear free sur-
face algorithm and those that validate the numerical so-
lution from the unstructured code against experimental
results and numerical results generated by the more ma-
ture and tested structured UNCLE flow solver. Code
verification studies demonstrate that the implementa-
tion of the kinematic free surface equation converges
quadratically to the exact solution and that the loosely
coupled relationship between the Euler version of the
Navier-Stokes flow solver and the free surface solver,
including the grid movement algorithm, yields super-
linear convergence to the continuum solution. Results
from the unstructured code are compared against ex-
perimental and other numerical results for a submerged
NACA0012 hydrofoil, for the Wigley hull and for the
DTMB Model 5415 Series hull.

Verification

Several grid refinement studies were performed to
verify that the nonlinear free surface algorithm yields

6
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Figure 4: Circular Face for Grid 2

superlinear convergence to the continuum solution. The
Galerkin finite element implementation of the kinematic
free surface boundary condition yields second order
convergence theoretically. To verify this result, a grid
refinement study was performed on a series of cylindri-
cal grids where only the kinematic free surface equation
was solved on one of the circular faces. In this study,
an exact free surface was chosen, and the velocity distri-
bution consistent with this free surface was imposed, in
order to drive the free surface towards the exact solution.
Two other grid refinement studies were performed, us-
ing the NACA0012 hydrofoil, to demonstrate superlin-
ear convergence of the free surface solver coupled with
the Euler version of the flow solver with and without
moving the grid to match the free surface.

Circle

The order of accuracy of the Galerkin finite element
solver of the kinematic free surface equation was stud-
ied on a series of cylindrical grids, where the free sur-
face was solved on one of the circular faces, based on
an imposed velocity distribution without reference to the
Navier-Stokes solver. The radius of the circle was scaled
to a non-dimensional length of 1. The target free surface
was � �� � �  � % � �� "���� " ���� � (27)

The grid velocity was set to 0, or?@ � �
. The velocity

components
�

and
�

were chosen as� �� � �  � �� �� � �  � � (28)

Grid Spacing on Circle Free Surface Nodes
Grid 1 0.025 1573
Grid 2 0.0125 6080
Grid 3 0.00625 24169
Grid 4 0.003125 95911
Grid 5 0.0015625 381537

Table 1: Description of Grids for Circle Simulations

and using the kinematic free surface equation at steady
state (i.e.,

/ 	/@ � �
), the vertical velocity component

�
can be written as� � � ���� � � � �� � (29)

which for this example reduces to� � 
�% � �� "���� " ���� � � �
� � �

��� � � �
� 
 � � � (30)

The kinematic free surface equation is solved using this
velocity distribution and fixing the free surface along the
outer boundary of the circular face.

A series of 5 grids were used in this study and were
described in Table 1, and the circular face for Grid 2
is shown in Figure 4 which demonstrates that the grid
and the grid generation process were fully unstructured.
As the grid spacing on the edge is reduced by a factor
of 2, the number of points in the circular free surface
increased by roughly a factor 4, as expected.

The error between the converged solution on each
grid and the exact solution was computed via an L2-
Norm as

� �7 � G- � ����Nodes	J

�

�� �J �� � �  
 � � � J
J �� � �  
� 5 J
(31)

where� �J is the exact free surface at each node in the
computational grid,� � � J
J is the computed free surface
elevation based on the converged solution for a partic-
ular grid, and5J is the area associated with each node
in the grid. The error for each grid is presented in Ta-
ble 2 and decreases from one grid to the next finer grid
at a rate that is approximately quadratic. These results
demonstrate that the solver of the kinematic equations
has been properly implemented since it approximately
achieves the theoretical order of accuracy.

NACA 0012 Hydrofoil

Researchers have used the submerged NACA0012
hydrofoil as a test case for numerical simulation, in part
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Grid Function Value Ratio Accuracy

Grid 1 0.00568889 N/A N/A
Grid 2 0.00158426 3.591 1.844
Grid 3 0.00028925 5.477 2.453
Grid 4 0.00008162 3.544 1.825
Grid 5 0.00002474 3.299 1.722

Table 2: Error Results for Circle Grids

Grid Nodes Prisms Free Surface Nodes

Grid 1 6999 8698 636
Grid 2 27300 35128 1275
Grid 3 104151 136322 2550
Grid 4 412941 545494 5100

Table 3: Description of Grids for NACA 0012 Hydrofoil

due to the experimental results generated by Duncan��.
The experimental results of particular interest are for the
test case with the hydrofoil at a 5 degree angle of attack.
The experimental results were measured along the cen-
terline of a tank whose dimensions was 24 m long, 61
cm deep and 61 cm wide. The hydrofoil was located at
a submergence of 21.0 cm and had a length of 20.3 cm,
and the flow rate was 80 cm/sec. Nondimensionalizing
by the chord length of 20.3 cm, the Froude number was
0.5672 and the submergence was 1.034 L.

Hino�� used the NACA 0012 Hydrofoil test case to
validate his two-dimensional unstructured, incompress-
ible Euler code, on a sequence of 4 grids ranging in size
from 409 nodes to 6,587 nodes, with a large amount of
grid packing along the free surface. The purpose of the
sequence of grids was for the multigrid solver, rather
than for a grid refinement study. Lohner�� also used this
test case to validate his three-dimensional unstructured,
incompressible Navier-Stokes code, on a grid consisting
of 465,752 points, with packing near the free surface and
in the wake region behind the hydrofoil. The numerical
results of Hino and Lohner were consistent with each
other for the Euler versions of the codes.

Due to the relative simplicity of this geometry, it
was chosen as a test case for a grid refinement study to
analyze the order of accuracy of the free surface solver
coupled with the Euler solver with and without the grid
movement algorithm. Neither Hino nor Lohner modeled
the effects of the tank boundaries, but rather assumed
that the flow was purely two-dimensional. The simula-
tions presented herein make the same assumption.

In the first grid refinement study, the grids were not
allowed to move based on changes in the free surface

Grid Error Ratio Accuracy

Grids 1-2 0.0031630 N/A N/A
Grids 2-3 0.0011427 2.768 1.47
Grids 3-4 0.0003921 2.914 1.54

Table 4: Error for Linear Free Surface around NACA
0012 Hydrofoil

Grid Error Ratio Accuracy

Grids 1-2 0.0039086 N/A N/A
Grids 2-3 0.0013229 2.95 1.56
Grids 3-4 0.0004600 2.88 1.53

Table 5: Error for Nonlinear Free Surface around NACA
0012 Hydrofoil

and thus the grid along which the free surface was solved
remained flat. In the second grid refinement study, the
grids were moved to match the free surface. Hence, any
potential degradation in the free surface algorithm due to
the grid movement algorithm could be analyzed. In both
refinement studies, the same base grids were employed.
These grids were two-dimensional grids extruded into
three dimensions by the use of prismatic elements and
are described in Table 3. To avoid spurious oscilla-
tions due to farfield boundaries, the inflow and outflow
boundaries were set at 30 characteristic lengths from the
hydrofoil. The number of nodes in the free surface dou-
bled each time as the grid spacing along each edge was
halved; however, the number of nodes and prisms within
the grid did not quadruple each time because the grid
was rebuilt based on the boundary spacing rather than
being created by subdividing the coarser grid. The un-
perturbed grid for Grid 2 in the refinement study is given
in Figure 5 and the converged nonlinear free surface grid
is shown in Figure 6. The grid is packed near the leading
and trailing edge of the hydrofoil to capture the effects
in these regions, and the interior grid near the free sur-
face is refined due to the resolution in the free surface
itself. The free surface is more refined than the interior
grid so as to capture and maintain the free surface effects
further downstream.

The error was calculated by comparing the con-
verged solution between successive grids in the refine-
ment via the following formula

� �7 � G-J � 7 � G-K  � �* ��� � �� J ��  
 ��K ��  � � -�
(32)

where
�� J ��  and

��K ��  are continuous functions that are
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Figure 5: Side View of Original Grid 2

piecewise linear interpolations based on the free surface
elevations at each node in the grid. This integral was
evaluated using the trapezoid rule. The error was inte-
grated from ahead of the hydrofoil at

� � 
� to a loca-
tion just downstream of the hydrofoil, due to the gradual
phase shift in the solutions downstream of the hydrofoil.
This phase shift in the wave generated by the hydrofoil
can be seen in Figure 7, which shows the nonlinear free
surface wave heights. The results for the grid refinement
study where the grid was not moved is shown in Table 4.
From this study, the order of accuracy for the free sur-
face solver coupled with the Euler solver is better than
first order accurate but is not quite second order accu-
rate.

The results for the coupling of the free surface
solver, the Euler solver and the grid movement algo-
rithm are given in Table 5. These results seem to indi-
cate that the grid movement algorithm does not degrade
the order of accuracy of the overall free surface solver
coupled with the Euler solver.

Validation

The nonlinear free surface methodology im-
plemented within the unstructured incompressible
Navier-Stokes flow solver� �� � �� has been tested
against available experimental results and a more ma-
ture structured nonlinear free surface flow solver,
� � � �� � �� �� �� �	 �
 ���. The validation cases include a
viscous and an inviscid Wigley hull simulation and a
nonappended DTMB Model 5415 Series Hull. In both
cases, the intersection of the free surface with the hull is
presented, and for the Model 5415 Series Hull, the stern

Figure 6: Side View of Converged Nonlinear Free Sur-
face for Grid 2
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Figure 7: Nonlinear Free Surface Flow around NACA
0012 Hydrofoil
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region is compared with available experimental data.

Wigley

The Wigley hull�� is a notional hull whose shape
is determined from its mathematical definition, which is
given by� �� � �  � ��

�6 
 
� � 
 �6 
 � �� � �� (33)

where� is the maximum thickness of the hull and
�

is the draft of the hull, and are set to 0.1 and 0.0625 re-
spectively. In this form, the Wigley hull is commonly
used for code validation and verification. The results,
given in Figure 8 and Figure 9, compare both an in-
viscid and a viscous unstructured simulation with the
results from the viscous structured solver� � � �� as
well as the experimental result for a Froude number of
0.289 and a Reynolds number of 3.3 million. For the
bow wave near

� � 
� �
�, both the inviscid and the
viscous unstructured results match the structured result
nicely, while the viscous results appear to conform to the
experiment results better than the inviscid results or the
structured results further down the hull. In Figure 10, an
overview of the free surface Kelvin wave pattern gener-
ated by the numerical simulation on an inviscid grid is
compared with the experimental results. In this plot, the
features of the Kelvin wave compare admirably with the
experimental results, for more than a hull length down-
stream. This simulation was performed on a grid where
the free surface grid maintained a reasonable level of
resolution for several hull lengths, and the Kelvin wave
pattern is adequately captured within this area of reso-
lution. Thus, by increasing the area of resolution in the
free surface grid, the wave patterns generated by the hull
are probably maintainable for many hull lengths behind
the ship. By increasing the resolution in the free surface
grid for the NACA 0012 hydrofoil example, the wave
pattern continues for at least 5 wavelengths past the hy-
drofoil as shown in Figure 7.

DTMB Model 5415

The most complicated example is the flow around
the DTMB Model 5415 series hull, which has a transom
stern and is more representative of naval ships. Experi-
mental simulations have been run with this model at the
Naval Surface Warfare Center Carderock Division�

� ���,
and several researchers have used this data for simula-
tion validation purposes, particularly at the Gothenburg
2000 conference in Sweden��.

This simulation was run at the 2.06 m/sec flow con-
ditions, which resulted in a Froude number of 0.28 and
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Figure 8: Inviscid Wigley Hull Profile
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Figure 10: Comparison of Free Surface Elevations with Experiment at Fr = 0.289.
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Figure 11: Nonappended 5415 Hull Profile

a Reynolds number of 11.655 million. Viscous spacing
off of the hull was on the order of6��� which yielded�
 values on the order of 1, indicating that the grid
resolution near the hull was adequate for capturing the
boundary layer details. The grid consisted of 1.88 mil-
lion nodes, 3.73 million tetrahedra and 2.3 prisms, with
83292 nodes in the free surface, mostly packed near the
hull.

Figure 12 shows the free surface contours around
and behind the Model 5415 hull along with the under-
lying free surface grid, which fans out behind the stern.
The free surface dissipates quite rapidly outside the re-
gions of high resolution, and for each region of coars-
ening within the grid, the level of detail retained in the
free surface decreases. The hull profile, shown in Fig-
ure 11, is compared against the experimental results and
the results from the structured flow solver. Except for
the region near

� � � ��, the hull profile matches the
experimental data well and appears to reach the bow
peak for the experimental results. Both the unstruc-
tured and structured results dip below the experimental
results near

� � � �� with the unstructured results dif-
fering more greatly. From simulations on other grids,
it appears that the free surface in this region is not at a
grid-independent level, meaning that the hull profile in
this region is noticeably different when the grid spacing
changes.

In the stern region, which is the region of the most
difficulty for the numerical simulation due to the wetted
transom stern, the agreement between the computational
results and the experimental results are quite encourag-
ing, as given in Figure 13. The discrepancies between

Figure 13: Stern Flow for DTMB Model 5415 Series

the numerical and experimental are probably caused by
the limited ability to capture viscous effects within the
boundary layer adequately in this region and possibly by
differences in the sink and trim between the experimen-
tal model and the numerical simulation. These issues
will be studied in future simulations.

Conclusions

A robust, nonlinear free surface algorithm coupled
with an incompressible Reynolds-Averaged Navier-
Stokes solver on three-dimensional unstructured grids
has been presented. The underlying unstructured solver
has been developed to simulate turbulent boundary layer
effects and is capable of performing rudder and pro-
peller induced maneuvering. The addition of nonlinear
free surface capabilities was a necessary step towards
the simulation of maneuvering surface vessels.

The nonlinear free surface algorithm is an exten-
sion of the algorithm used in the structured code UN-
CLE developed by researchers at Mississippi State Uni-
versity. The kinematic free surface equation is solved at
each time level, and the hydrostatic pressure is imposed
on the Navier-Stokes solver via a characteristic variable
boundary condition. After several iterations, the grid is
moved to match the free surface while conforming to
the underlying geometry, using a three-dimensional ex-
tension of the torsional spring method�

�
. By allowing

the grid to move, a nonlinear free surface solution is ob-
tained.

In this paper, the implementation of the nonlin-
ear free surface algorithm has been verified to demon-
strate second-order convergence of the kinematic free
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Figure 12: Free Surface Contours and Grid Resolution for 5415
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surface equation solver on a circular free surface and
superlinear convergence of free surface solver coupled
with the RANS solver on a NACA 0012 hydrofoil. Fur-
thermore, the verification study demonstrated that the
grid movement algorithm did not degrade the overall or-
der of accuracy of the coupled flow solver. The results
of simulations involving viscous and inviscid Wigley
hull and a nonappended DTMB Model 5415 Series hull
showed excellent agreement with the available experi-
mental data as well as numerical results produced by
a more mature structured flow solver UNCLE. These
studies indicate that free surface effects are maintained
to the level of the grid refinement on the free surface,
suggesting that the free surface effects can be simu-
lated for several hull lengths downstream of the hull or
submerged vessel. Finally, the flow around the DTMB
Model 5415 Series hull in the transom stern region
agrees quite well with the experimental data, demon-
strating the ability of the code to simulate complicated
free surface/viscous flow interactions.

Future work includes the study of the DTMB Model
5415 Series hull with its appendages and rotating pro-
pellers and the study of the effects of flow at angles of
drift and through prescribed maneuvers on the free sur-
face, in an ongoing effort to achieve the goal of rudder-
induced, propeller driven surface vessel maneuvers.
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