Chapter 4. Fourier Series

At this point we are ready to now consider the canonical equations. Con-

sider, for example the heat equation
U = Uy, O0<x<m, t>0 (4.1)

subject to
u(x,0) =2sinx, u(0,t) =u(m,t)=0. (4.2)

Here, we will assume that the solutions are separable and are of the form
u(x,t) = X(x)T(t). (4.3)

Substituting into the heat equation (4.1) gives

XT = X"T,
from which we deduce that
T/ XI/

Since each side is a function of a different variable, we can deduce that
T =T, X'=AX. (4.5)

where A is a constant. The boundary conditions in (4.2) becomes, accord-
ingly

X(0) = X(7) = 0. (4.6)
Integrating the X equation in (4.5) gives rise to three cases depending on

the sign of A. These are

c1e™ + cpe™ ™ if A = n?,
X(x)=<c1x+c ifA=0,
cisinnx + cpcosnx  if A = —n2,
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where 1 is a constant. Imposing the boundary conditions (4.6) shows that
in the case of A = n? and A = 0, the only choice for ¢; and c; are zero and

hence inadmissible as this leads to the zero solution. Thus, we focus only

on the remaining case, A = —n?. Using the boundary conditions gives
c1sin0+cycos0 =0, cysinnm+cycosnm =0, (4.7)
which leads to
=0, sinnx=0 = n=0,12,.... (4.8)

From (4.5), we then deduce that

2

T(t) = cze™ " 4.9)
thus, giving a solution to the original PDE as
U= XT = ce "t sinnx (4.10)

where we have set ¢ = cyc3. Finally, imposing the initial condition (4.2)
gives

0

u(x,0) = ce’sinnx = 2sinx (4.11)

show that ¢ = 2 and n = 1. Therefore the solution to the PDE subject to

the initial and boundary conditions is
u(x,t) =2e 'sinx. (4.12)

If the initial condition we to change, say to 4sin 3x, then we would have
obtained the solution
u(x, t) = 4e~% sin 3x. (4.13)

However, if the initial condition were u(x,0) = 2sinx + 4sin3x there
would be a problem as it would be impossible to choose n and c to satisty
both. However, if we were to solve the heat equation with each function

separately, we can simply just add the solutions together. It is what is call



the principle of superposition

Theorem Principle of Superposition

If uy and uy are two solution to the heat equation, then u = cquq + couy is also a
solution.

Proof. Calculating derivatives u; = cjuy; + coupp and tyy = 11y + C2U
and substituting into the heat equation show it is identically satisfied if

each of u; and u, satisfy the heat equation.Q.E.D

Therefore to solve the heat equation subject to u(x,0) = 2sin x +4 sin 3x

we would obtain
u(x,t) = 2 " sinx + 4e " sin 3x.

The principle of superposition easily extends to more than 2 solutions.
Thus, if
n’t

u(x,t) = (apcosnx + b, sinnx)e " ",

are solutions to the heat equation, then so is

(o]
u(x,t) = Y (aycosnx + bysinnx)e”
n=1

n2t

(4.14)

If the initial conditions were such that they involved trigonometric func-
tions, we could choose the integers n and constants 4, and b,, according to
match the terms in the initial condition. However, if the initial condition

2

was u(x,0) = mx — x*, we would have a problem as in the general solution

(4.14), there are no x terms. However, consider the following

8 _; .
up = —e 'siny,
T
Uy = § e_tsinx+le_9fsin3x , (4.15)
T 27
8 i L o, L o5
Uz = ;(6 s1nx+2—76 s1n3x+ﬁe sinbx | .
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Figure 1. The solutions (4.15) with one and two terms.

From figure 1, one will notice that with each additional term added in
(4.15), the solution is a better match to the initial condition. In fact, if we

consider
8 1 —(2n—-1)%t

u=_ 1;1 me sin(2n — 1)x (4.16)

we get a perfect match to the initial condition. Thus, we are lead to ask
“How are the integers n and constants a, and b, chosen as to match the

initial condition?”

4.1 Fourier Series

It is well known that infinitely many functions can be represented by a

power series
o0

f(x) =) an (x —x0)",

i=1
where x is the center of the series and a;,, constants determined by

(n) X
ay =T 05

n!
For functions that require different properties, say for example, fixed points
at the endpoints of an interval, a different type of series is required. Exam-
ple of such a series is called Fourier series.

For example, suppose that f(x) = 7rx — x? has a Fourier series

7Tx — x% = by sinx + by sin 2x + by sin3x + by sin4x . . .. (4.17)
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How do we choose by, by, b3 etc such that the Fourier series looks like the

function? Notice that if multiply (4.17) by sin x and integrate from 0 to 7

7T T 7T
/ (nx—xz)sinxdx:bl/ sinzxdx+b2/ sinxsin2xdx +....
0 0 0

then we obtain
4— blg ~ b —=8/7, (4.18)

since

T T T
/ (mx — x?)sinxdx = 4, / sinx?dx = =,
0 0 2

7T
/ sinxsinnxdx =0, n=2,3,4,...
0

Similarly, if multiply (4.17) by sin 2x and integrate from 0 to 7t

T 7T T
/ (ﬂx—xz)siandx:bl/ sinxsiandx-l-bz/ sin?2xdx + ...
0 0 0

then we obtain

Multiply (4.17) by sin 3x and integrate from 0 to 7

7T 7T 7T
/ (nx—xz)sin3xdx:b1/ sinxsin3xdx+b2/ sin2xsin3xdx+. ..,
0 0 0

then we obtain

4 T 8
2 - ° 4.1
7=y 7 =gy *19)
Continuing in this fashion, we would obtain
8 8
by =0, bs be =0, by (4.20)

~ 12571 Er

Substitution of (4.18), (4.19) and (4.20) into (4.17) gives (4.15).

4.2 Fourier Series on [—77,77]

Consider the series

f(x) =

N~

ao+ Y_ (an cosnx + b, sinnx) (4.21)
n=1
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where ag,a, and b, are constant coefficients. The question is: “How do
we choose the coefficients as to give an accurate representation of f(x)?”

Well, we use the following properties of cos n7tx and sin nmx

7T 7T
/ cosnxdx =0, / sinnxdx =0, (4.22)
-7 -7
i 0 if
/ cosnx cosmxdx = { 1 m#n (4.23)
- m o ifm=n
7T f
/ sinnx sinmxdx = {0 1 m# n (4.24)
n m o ifm=n
7T
/ sinnx cosmxdx = 0. (4.25)
-7

First, if we integrate (4.21) from —7t to 7T, then by the properties in (4.22),

7T 1 7T
/ f(x)dx = 5/ apdx = tag,
—7T —7T

from which we deduce

we are left with

1 7T
ag = — x)dx.
o= [ f
Next we multiply the series (4.21) by cos mx giving
1 (o]
f(x)cosmx = 540 COS mX + Z (a, cosnx cosmx + b, sinnx cosmx) .
n=1
Again, integrate from —7 to 7. From (4.22), the integration of ag cos mx
is zero, from (4.23), the integration of cosnx cosmx is zero except when
n = m and further from (4.25) the integrations of sin nx cos mx is zero for
all m and n. This leaves
7T s
/ f(x)cosnxdx = an/ cos? nx dx = may,
—TT —T7T

or

1 7T
a, = —/ f(x)cosnxdx.
T J—m
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Similarly, if we multiply the series (4.21) by sin mx then we obtain

1 = . .
f(x)sinmx = 540 sin mx + Z (a, cos nx sinmx + by, sinnx sinmx),
n=1

which we integrate from — 7t to 77. From (4.22), the integration of ag sin mmx
is zero, from (4.25) the integration of sin nx cos mx is zero for all m and n
and further from (4.24) the integration of sin nx sin mx is zero except when

n = m. This leaves

T T
f(x)sinnxdx = bn/ sin? nx dx = by,
—7T

—T7T

or
1 T
= —/ f(x)sinnxdx.
TJ—r
Therefore, the Fourier series representation of a function f(x) is given by
1 > .
f(x) = 570 -+ 2 (a, cosnx + b, sinnx)

n=1

where the coefficients a,, and b,, are chosen such that
1 [ 1 [T
n= _/ f(x)cosnxdx, by = —/ f(x)sinnxdx. (4.26)
T J_x T

forn=0,1,2,....

Example 1
Consider
f(x) = le [_7-(/ 7-(] (427)
From (4.26) we have
oo ] / 123" 2n?
* 7w/, w3, 3
1 7T
a, = —/ 2cosnxd
T
1 smnx xcosnx_zsinnx &
B n2 nd ||
4(—

le



8 Chapter 4. Fourier Series

and

+2 n? +2 n3

. 7T
x Ccos nx xsinnx cos nx}

—T7T

/ x2 sin nx dx

S 3~ 3~

Thus, the Fourier series for f(x) = x? on [, 7] is

"cosnx

fr(x) = —+42 (4.28)

Figure 2 show consecutive plots of the Fourier series (4.28) with 5 and 10

ten on the interval [—7,77] and [—37,377].

107

Figure 2. The solutions (4.28) with five and ten terms on [—7t,7].
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Figure 3. The solutions (4.28) with five and ten terms on [—-37,37].

Example 2
Consider
f(X) =X, [_77:/ 77:] (429)
From (4.26) we have
1 [7 1 22"
aoz—/ xdx == = =0
T2,
a, = —/ xcosnxd
xsinnx  cosnx
iy
T n n o
=0
and
1
b, = —/ xsinnxdx
T
17 xcosnx sinnx]|”
o nz ||_.

n+1

Iy
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Thus, the Fourier series for f(x) = x on [—7, 7] is

—1)"ginnx

)
. (4.30)

5
fk(X)=2Z;1

Figure 3 show consecutive plots of the Fourier series (4.30) with 5 and 50

terms on the interval [—7t,7t] and [—377,377].

T N N 4 I N | I_1n TN T | T T 1 A N N |
1%

Figure 5. The solutions (4.30) with five and fifty terms on [-37,37].
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Example 3
Consider
1 if —m<x<0,
fx) = {x+1 if0<x<mm,
From (4.26) we have

1[0 1 (7 1 122 |
ay = 7?/ dx—i—E/ x+1dx:Ex]9n+E%+x =
—7T 0

T
=—+2
2+

0

1 [0 1 (7
a, = —/ cosnxdx+—/ (x+1)cosnxdx
T ) 7T Jo

1 sinnx | 1 sinnx cosnx]|”
= = +— |(x+1) +—

T n |, 7w n 0
111
o n2

and

1 [0 1 (7
b, = —/ sinnxdx+—/ (x +1)sinnxdx
7T o 7T 0
1 cosnx|0 1 cosnx sinnx]|”
= — - ’ + = |=(x+1) +—
T n l-x mw n 0
B l@4w—1+gjn+n@4w“+1
B n T n
(_1)n+1
- n

Thus, the Fourier series for f(x) = x on [—7, 7] is

(_1)n+1

k n
1(-1)" -1
fr(x) = T +1+ Z (—LcosnxjL —sinnx) . (431
4 =\ n

n2

Figure 6 shows a plot of the Fourier series (4.31) with 10 terms on the in-

terval [—7t,71].
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Figure 6. The solutions (4.31) with 10 terms.

4.3 Fourier Serieson [—L ,L]

Consider the series

i (an cos _x +bys n_7gx) (4.32)

l\)l’—‘

where L is a positive number and ag, a, and b, constant coefficients. The

question is: “How do we choose the coefficients as to give an accurate

representation of f(x)?” Well, we use the following properties of cos "7
and sin 7=

L L
/ cos gy — 0, / sin 7% dx — 0, (4.33)
LT LML
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L .
0 if
/ cos X cos mrcxdx = 1 m# (4.34)
—L L L L ifm=n
L if
/ sin 2% gin M gy — 0 1 m (4.35)
_L L L L ifm=n
L nix mrcx
/ sin cos dx = 0. (4.36)
L L L

First, if we integrate (4.32) from —L to L, then by the properties in (4.33),

L 1 L
/ f(x)dx = 5/ apdx = Lay,
L L

from which we deduce
1 L
=71 / ) f(x)dx

Next we multiply the series (??) by cos /= giving

we are left with

mrx 1 mmrx & nix mrx b si nix mrx
f(x)cos T zzaocos T +1§1<ancosTcosT+ nsmTcos L)

Again, integrate from —L to L. From (4.33), the integration of ag cos "=

L
is zero, from (4.34), the integration of cos "7 cos "™ is zero except when

n = m and further from (4.36) the integrations of sin "= cos /% is zero

for all m and n. This leaves
L
/ f(x) cos —dx = an/ cos? n_7erdx = La,,
L

or
nix
/f cos—dx

Similarly, if we multiply the series (??) by sin " then we obtain

mri7tx 1 . mmnx > nix . mMnx nritx mritx
) :

f(x)sin [ = pfosin— Ay €08 —— sin —— + by smT sin T

n=1

which we integrate from —L to L. From (4.33), the integration of ag sin 7/**

L
is zero, from (4.36) the integration of sin "7 cos "** is zero for all m and
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n and further from (4.35) the integration of sin "= sin ™** is zero except

when n = m. This leaves
L L
/ f(x)sin MY gy — bn/ sin2 7 gy — Lay,,
L L L L
or .
1
b, = I /Lf(x) sin %dx.
Therefore, the Fourier series representation of a function f(x) is given by

1 ad niTx . N7X
f(x) = an + ;; (an cos < + by, sin T)

where the coefficients a4, and b,, are chosen such that
1 (L nrix 1 (L nrix
— i —— in ——dx. 4.37
an L/Lf(x)cos T dx, by, L/Lf(x)sm T dx (4.37)

forn=20,1,2,....

Example 4
Consider
f(x)=9-x% [-3,3] (4.38)
In this case L = 3 so from (4.37) we have
13 1 B3P
ap = 5/_39—x dx—g {9x—?} 73—12
1 /3 nrix
a, = 5/_3(9—x2)c0sde
_ Lf(27 3 54\ nmx  18x  nmx||
3|\ \nxr nmr  ndmd 3 212 3 1|3
36(_1)n+1
T 2n?
and
3
b, = / (9 — x?) cos N7X v
3 3
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Thus, the Fourier series for (4.38) on [—3, 3] is

cos . (4.39)

Figure 6 show the graph of this Fourier series (4.39) with 20 terms.

104
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Figure 6. The solutions (4.39) with 20 terms.

Example 5

Consider

—2—x if-2<x<-1,
f(x)=<¢x if —1<x<1, (4.40)
2—x ifl <x<2,
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In this case L = 2 so from (4.37) we have

ay = %{/21(—2—x)dx+/txder/lz(Z—x)dx}
(S R O A

-1
X2

_|__
2 2

2
+ [Zx — x_]
1 2

1 ! ?
a, = E{/ (—2—x)cos?dx+/ xcosnzﬂdx~|—/ (2—x)cos?dx}
-2 -1 1

-1

N =

= |- sin
nri 2 n?m? 2

(x+2) . nmx 2 nnx]

-2
1

C .
+ — Sin +

niTx 2 nix
nm 2 n2m? 2

-1

+ |- sin
nri 2 n?m? 2

(x-2) . nnx 2 nnx]

and

N[~

—1 1 2
/ (—2—x)sin@dx+/ xsin@dxjt/(Z—x)sinn—nxdx
5 2 9 2 . 2

-1

[(x+2) nrx 2 sip 17X
nm 2 n2 2 2

-2
1

[ x nx 2 . nnx
sin
nri 2 n? 2 2

-1
2

[(x —2) nix 2 | nmx
nm 2 n2 2 2

1

nznzs 2
{ 16 ify—=1,509...,

n2 2

16 ifn=3711...,

n2m?

Thus, the Fourier series for (4.40) on [—2,2] is

fr(x) = 16 sinﬂ—lsin?’ﬂJrlsimSﬂ—wL
k T2 2 32 2 52 2

k n+1 _
;62 Z 1) sin (2n 21)7Tx (4.41)
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Figure 7 show the graph of this Fourier series (4.41) with 5 terms.

Figure 7. The solutions (4.41) with 5 terms.

Example 6

Consider

f(x) =

0 if-1<x<0,
1 if0<x<1,

In this case L = 1 so from (4.37) we have

1
ay = / dx =1
0
1

1

1
a, = / cosnmxdx = —sinnmtx| =0
and
1 1
1 1—(=1)"
b, = / sinnmtxdx ——— cos{nnmx| = 1= (=D"
Thus, the Fourier series for (4.3) on [—1,1] is
1 1 1—(=1)"
fr(x) = 5 + 7—[7;1 (=1) sin nmx
1 2 & sin@2n—1)mx
= —+— 4.42
2 * T Z 2n —1 (442)
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Figure 8 and 9 show the graph of this Fourier series (4.42) with 5 and 50

terms.

r /l\\_//l\ /T T T T T 1
Y V 1

Figure 8. The solutions (4.42) with 5 terms.

Figure 9. The solutions (4.42) with 50 terms.

It is interesting to note that regardless of the number of terms we have in
the Fourier series, we cannot eliminate the spikes at x = —1,0,1 etc. This

phenomena is know as Gibb’s phenomena.
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4.4 0Odd and Even Extensions

Consider f(x) = x on [0,7r]. Here the interval is half the interval [—7,7].
Can we still construct a Fourier series for this? Well, it really depends
on what f(x) looks like on the interval [—7,0]. For example, if f(x) = x
on [—7,0], then yes. If f(x) = —x on [—7,0], then also yes. In either
case, as long a we are given f(x) on [—7,0], then the answer is yes. If we
are just given f(x) on [0,77], then it is natural to extend f(x) to [—7,0] as
either an odd extension or even extension. Recall that a function is even it
f(=x) = f(x) and odd if f(—x) = —f(x). For example, if

f(x) = % thenf(—x) = —x = —f(x)
so f(x) = x is odd. Similarly, if
£(x) = 22, thenf (~x) = (~x)% = ¥ = f(x)

so f(x) = x? is even. For each extension, the Fourier series constructed
will contain only sine terms or cosine terms. These series respectively are
called Sine series and Cosine series. Before we consider each series sepa-

rately, it is necessary to establish the following lemma’s.
LEMMA 1 If f(x) is an odd function then

/l f(x)dx=0
-1

and if f(x) is an even function, then

/_llf(x) dx :Z/Olf(x)dx.

Proof

Consider

/llf(X)dx _ /(;f(x)der/Olf(x)dx_
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Under a change of variables x = —y, the second integral changes and we

/llf(x)d /f dy+/olf<x>dx

If f(x)is odd, then f(—y) = —f(y) then

[ sooae = [sways [ soa
- —/Olf<y>dy+/olf<x>dx
0.

If f(y) is even, then f(—y) = f(y) then

/Zlfmdx - /f dy+/f
- /0 Fly)dy + /O fx) dx
_ 2/Olf(x)dx

establishing the result. At this point we a ready to consider each series

obtain

separately.

4.4.1 Sine Series

If f(x)is given on [0,L] we assume that f(x) is an odd function which gives
us f(x) on the interval [-L,0]. We now consider the Fourier coefficients a,
and b,

1 [L nrix 2 (L . NnmIx
Z/_Lf(x> cosde, b, = Z/o f(x) sdex. (4.43)

Since f(x) is odd and cos "7+ is even, then their product is odd and by
lemma 1
a, =0, Vn.

Similarly, since f(x) is odd and sin *7* is odd, then their product is even

and by lemma 1

L
= %/ f(x) sin?dx. (4.44)
0
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The Fourier series is therefore
k
nmx
= by, sin —— 4.45
fila) = Y busin ] (4.45)
where b, is given in (4.44).
Example 1
Find a Fourier sine series for
f(x)=x% 1[0,1] (4.46)
The coefficient b, is given by
1
b, = 2/ xsinnmx dx
0
B x% cos N x X Sinn7x cosnmx] |’
B nrm n27? ndd ||,
-1 -y
B n37m3 nm
giving the Fourier Sine series as
(D -1 (D)
=2 2 - i . 4.47
f 1;1 ( 3.3 = > sinnrmx ( )
1]y
T
X

Figure 10. The function (4.46) with its odd extension and its Fourier sine series

(4.47) with 10 terms
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Example 2
Find a Fourier sine series for

f(x) =cosx, [0,7] (4.48)
Two cases need to be considered here. The case where n = 1 and the case

where n # 1. The coefficient b; is given by

T
b1 = — cosxsinmtxdx =0
T Jo

and the coefficient b, is given by

2 7T
b, = — cos xsinnrx dx
T Jo

7T

lcos(n—1)x 1lcos(n+1)x
[_E n—-1 2 n+1 1
n(l+(=1)")

n2—-1

The Fourier Sine series is then given by

0

kn _1\n
P S CETCESCNG)

P n2 1 siInnx
k
- % y % sin 211x. (4.49)
n=1

Figure 11. The function (4.48) with its odd extension and its Fourier sine series
(4.49) with 20 terms
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4.4.2 Cosine Series

If f(x) is given on [0,L] we assume that f(x) is an even function which
gives us f(x) on the interval [-L,L]. We now consider the Fourier coeffi-

cients a,, and b,,.

/ f(x) cos @ dx (4.50)
Since f(x) is even and cos "= is even, then their product is even and by
lemma 1
_2 /Lf(x) cos 2 iy (4.51)
L Jo L '
Similarly
1t nmx
=7 /_Lf(x) sianx (4.52)

Since f(x) is even and sin “* is odd, then their product is odd and by

lemma 1

b, =0, Vn. (4.53)

The Fourier series is therefore

1 nrix
fe(x) = 580+ Z an COs —— (4.54)
where 4, is given in (4.53).
Example 3
Find a Fourier cosine series for
f(x)==x, [0,2]. (4.55)
The coefficient a9 is given by
2 /2 22
ag = = xdx = —| =2
2 Jo 2
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The coefficient n,, is given by

2 nr
a, = X CcoS —xdx
0 2

|2 gin "X 4 cos X 2
- |nm 2 n?n 2 1l
4
= 22 (=1)"-1)
giving the Fourier Cosine series as
4 F (-1 -1 nitx
f=1+ — Y. 3 Cos ——. (4.56)

n=1

Figure 12. The function (4.55) with its even extension and its Fourier sine series
(4.56) with 3 terms

Example 4

Find a Fourier cosine series for

f(x) =sinx, [0, ). (4.57)
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The coefficient ag is given by

2 7T
ag = — / sin x dx (4.58)
T Jo
2 n
= [—cos x]|
4
oo

For the remaining coefficients a,, the case 4; again needs to be considered

separately. For a4

2 T
a = — sinxcosxdx =0
T Jo

and the coefficient a,, n > 2is given by

2 7T
a, = —/ sin x cos n7rx dx
T Jo
_ [lcos(n—1)x Tcos(n+1)x]|"
-2 n-1 2 n+l1 0
_ n(1+(=D")
a n2—-1

Thus, the Fourier series is

sin 2nx. (4.59)
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Figure 13. The function (4.57) with its even extension and its Fourier sine series
(4.59) with 5 terms

Example 5

Find a Fourier sine and cosine series for

dx —x% for 0<x <2

fx) = { (4.60)

8 —-2x for2<x<4

For the Fourier sine series a4, = 0 and b, are obtained by

2 [? 2 [t
b, = Z/O(4x—x2)sinn4£dx+1/2(8—2x)sinn4£dx

B 32 — 16x sin nix L 2x2 — 8x _ 64 cos nx 2
- n? 2 4 nri n3m3 4 1,

16 . nnx 4x—16 nrx] |t

+ {nznz sin R— cos 1 ] ,
16 . nm 64 nri
= WsmT—FW (1—c057>

Thus, the Fourier sine series is given by

16 & 1 . nmx 4 nr . nmx
f = ?g<ﬁsln7+m(l—COST>)SIHT. (461)
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For the Fourier cosine series b, = 0 and ag and a, are given by

2 [? 2 4
ay = Z/o 4x—x2dx+1/2 8 —2xdx

2

1 2 x3 1 114

= g | —§]O+§[8x—x]\z
8 14

= — 2:—
3 3’

and
2 [? niTx 2 4 nirx
a, = Z/()(4x—x2)cosde+Z/2(8—2x)cosde

B 32 — 16x cos TTE 2x2 — 8x 64 gin 7T 2
- 1272 4 nr n373 4

0
[ 16 nnx+4x—16 _ nnx} 4

— cos sin
n?? 4 nr 4

2

- (cos n —cosnﬂ—Z) + o4 sin e

- n?m? 2 n373 2
Thus, the Fourier cosine series is given by

4 16 & /1 T 4  nm niTx
f = 3 ﬁ,g <ﬁ <cosn7 —cosnn—Z) + msm%) cos ==,

(4.62)
4y
T T T T G T T T T X A

4

Figure 14. The function (4.60) with its odd extension and its Fourier sine series
(4.61) with 3 terms
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Figure 15. The function (4.60) with its even extension and its Fourier cosine series
(4.62) with 3 terms

As shown in the examples in this chapter, often only a few terms are
needed to obtain a fairly good representation of the function. It is interest-
ing to note that if discontinuity is encountered on the extension, Gibb’s
phenomena occurs. In the next chapter, we return to solving the heat
equation, Laplace’s equation and the wave equation using separation of

variables as introduced at the beginning of this chapter.

Exercises

1. Find Fourier series for the following
i f(x)=e on [-1,1]
(i) f(x)=|x]|on [-22]

-1 if-1<x<0,
x—1 if O<x<1,

(i) f(x) = {

iv) f(x) = e on [—5,5].
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2. Find Fourier sine and cosine series for the following and illustrate the

function and its corresponding series on [—L, L] and [-2L,2L]

X fo<x<1,
i f(x)=41 ifl <x<2,
3—x if2<x<3,

(ii) f(x)=x—=x2 on [0,2]

x+1 if0<x<l1,
4-2x ifl<x<?2

(iii) f(x) = {

x2 ifo<x<l,
2—x ifl<x<?2/

(iv) f(x) = {
3. Find the first 10 terms numerically of the Fourier series of the following
G f(x)=e, on [-5,5]

(ii) f(x) =/, on [0, 4]

(iii) f(x) =—xlnx on [0,1].



