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Abstract

In this paper, we propose a backstepping boundary control law for Burgers’ equation with actuator dynamics. While
the control law without actuator dynamics depends only on the signals u(0,¢) and u(1,¢), the backstepping control also
depends on u,(0,1), uy(1,1), uw(0,¢) and u.(1,¢), making the regularity of the control inputs the key technical issue of
the paper. With elaborate Lyapunov analysis, we prove that all these signals are sufficiently regular and the closed-loop
system, including the boundary dynamics, is globally H> stable and well posed. (©) 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction

In this paper, we develop a backstepping boundary feedback control for Burgers’ equation

U — ey +uu, =0, 0<x<l1, >0, (1.1)
Ust|v=0 = @0, >0, (1.2)
U|x=1 = @1, >0, (1.3)
uio=1u", 0<x<l, (1.4)

where ¢ > 0 is a viscosity parameter. In ODEs (1.2) and (1.3), ¢o and ¢; are control inputs. The function

u® =u°(x) is an initial state in an appropriate function space. Since the above system is composed of a PDE
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(the viscous Burgers equation) and two ODEs, it is often referred to as a hybrid system in the literature (see,
e.g., [16]).

The integrators separating ¢ from u,|,—¢ and ¢; from u,|,—; can be regarded as a part of actuator dynamics
which prevent direct actuation via boundary values of u,. The focus on Burgers’ equation is much less for
its physical relevance than for its structural properties that allow to address nontrivial nonlinear issues in a
notationally simple setting, as a start towards future more practical nonlinear PDE stabilization problems.

To see that control is indeed needed for system (1.1)—(1.4), consider the uncontrolled system (i.e., ¢y =

@1 =0)

U — ey +uu, =0, 0<x<l1, >0, (1.5)
Uyly—o =0, >0, (1.6)
Ustp=1 =0, >0, (1.7)
uimo=1u", 0<x<l (1.8)

with special initial conditions

2¢
cos?(1/2)"

To find the equilibrium points of (1.5)—(1.9), let us solve the steady equation of (1.5)—(1.9)

(1.9)

ux|x:0,t:0 = ux|x:l,t:0 =

— &y +00, =0, 0<x<1, (1.10)

2¢
cos2(1/2)

Egs. (1.10) and (1.11) can be written as

u(0) =v:(1) = (1.11)

(a0, — 11%), = 0
and then

vy — 20 =C,

where C is a constant. Taking C = 4¢?, we obtain one of the solutions of (1.10) and (1.11)

—1
v(x):23tan(x—|— ”2> : (1.12)
which blows up at x = ;.
The problem of control of Burgers’ equation has received extensive attention recently [2-5,7,8,10,15]. In
the present paper, we propose a backstepping control building upon the design

ue(0,1) = k[u(0,1)* + u(0,1)], (1.13)

ue(1,0) = —k[u(1,£)* + u(1,1)], (1.14)

in [10] where global boundary feedback stabilization was achieved for the positive constant & large enough.
While controls (1.13) and (1.14) use only u(0,¢) and u(1,¢) for feedback, the backstepping controls applied
through integrators (1.2) and (1.3) will employ also u,(0,¢), u.(1,7), ux(0,¢) and u,.(1,¢). To establish the
regularity of those variables, which is the main subject of the analysis in this paper, we will show H3(0,1)
regularity of u.
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To our knowledge, Coron and d’Andrea-Novel [6] were the first to apply backstepping to a PDE system.
Common features our work has with theirs are that

e both handle actuator dynamics with backstepping,
e both show regularity of control inputs.

The distinguishing features of our work are:

e while [6] deals with a hyperbolic PDE, our paper is the first dealing with a parabolic one,
e while both [6] and our design employ scalar control inputs, theirs is applied in a distributed fashion, whereas
ours acts only from the boundary.?

The rest of the paper is organized as follows. We design a backstepping boundary control and present our
main results in Section 2. By using the Lyapunov method, we prove our main results in Section 3.

Notation: H*(0,1) denotes the usual Sobolev space (see [1,13]) for any s € R. For s >0, H;(0,1) denotes
the completion of C§°(0,1) in H*(0,1), where C§°(0,1) denotes the space of all infinitely differentiable
functions on (0, 1) with compact support in (0,1). We use the following H' norm of H'(0,1):

12
1
([l [ jr = <u(0)2+/ uﬁdx> , ueH0,1),
0
which is equivalent to the usual one. The norm on L?(0,1) is denoted by || - ||. It is easy to see that
el > <2l 1. (1.15)

Let X be a Banach space and 7 > 0. We denote by C"([0,T]; X) the space of n times continuously differen-
tiable functions defined on [0, 7] with values in X, and write C([0,7];X) for C°([0,T];X). In what follows,
for simplicity, we omit the indication of the varying range of x and ¢ in equations and we understand that x
varies from 0 to 1 and ¢ from 0 to oco.

2. Main result

For notational convenience, in what follows, we denote
Wo = U|y—0, Wi = Ul|y=1. (2.1)

In order to use the backstepping method, we introduce the errors zy,z; of control (1.13) and (1.14) as follows:

20 = thx|v—o — k(wo + wp), (2.2)

zZ] = ux‘x:l + k(W] + W%)a (23)
where k is a positive constant. With (1.1)—(1.3), we have

0= @o — k(1 + 3wp)(Ettey — titty)|x—o, (24)

21 = @1 + k(1 + 3wh)(ettey — utty)|e—. (2.5)
To achieve that the errors zy and z; decay exponentially, that is,

Z-() = —0uZp, (26)

Z1 = —oz; (2.7)

2 Additionally, by nature of the two problems, [6] shows stability only in terms of basic energy, whereas we show stability in
higher-order norms.
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(where o > 0), we choose the controls
@0 = —0zg + k(1 + 3wd)(ettee — titty )] v—o
= _a(ux|x:0 — k(wo + W(3))) + k(1 + 3W(%)(8Mxx - M”x)|x:03 (2.8)

Q1 =—oz; — k(1 + 3W%)(£um — Uty )|y=1

= — ottt + k(w1 +wP)) = k(1 + 3w])(ett — wtte)|s=1- (2.9)

Now the closed-loop system (1.1), (2.2)—(2.3) and (2.6)—(2.9) can be summarized as
Uy — Ellyy + uu, =0, (2.10)
”x|x:O:k(WO+W(3))+ZOa (211)
ux|x:l :_k(wl +W:1")+Zla (212)
FR— (2.13)
Z) = —oz) (2.14)

which can be viewed as system (1.1), (1.13) and (1.14) perturbed by the exponentially decaying zy and z;.
Hence, the closed-loop system differs from those previously analyzed in [2,14] in a very minor way. The
novelty here is that the control

Po = —020 + k(1 + 3w§ )(etter lx=o — wo(k(wo + wp) + 20)), (2.15)

@1 = —0z; — k(1 + 3w} (et lr1 — wi(—k(wy +wi) +21)), (2.16)

besides employing the signals wy, wy,zp,z1, also employs #,|y—0 and uy|y—1. To show that the latter signals,
and hence the control, are sufficiently regular, we will require «° to be in H#3(0,1) and will need to perform
substantial additional analysis.

Note that, in general, exponentially decaying perturbations can cause finite escape time phenomena in
nonlinear systems [11], the prevention of which is ensured by employing the backstepping approach which
forces error variables like zy and z; to decay faster than exponential, if needed. As we shall see, in the present
problem, exponential decay of zy and z; will be sufficient to maintain global stability, which is a consequence
of a specific way they enter Burgers’ equation.

To show that control (2.8) and (2.9) indeed exponentially stabilizes system (1.1)—(1.4) at least in L? norm,
we define the Lyapunov function

6¢2 9
V:E+7(ZO +z7), (2.17)
where the energy function £ is defined by
1
E:/ u* dx. (2.18)
0

Using (1.1)—(1.3) and integrating by parts, we obtain

1
E = 2/ u(euyy — uny)dx
0

1
2
= 2ew[z) — k(wy + w)] — 2ewp[zo + k(wo + W(3) )] - 23/ u% dx — 3 (w3 — wg)
0
1

11
< <3 +< 23k> (W3 + i +wh + wh) + 66223 +212)*28/ uy dx. (2.19)
0
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Taking k > 1/4¢ and denoting
! k
E, :/ u?dx + 7 (wg + 2wi + w4+ 2wh),
0
we obtain

. (1 1
E < (5 —28k) (W§ +wg +wi +wi) + 682(2(2)“‘2%)—23/ u dx
0

1
< 66%(z5 +z1) — min{2ek — 1/2, 2¢}

S—

uﬁdx+w3+w3+w%+w‘l‘>
2002 2N _
= 6¢°(z§ +z7) — min{2¢k — 1/2, 2¢}

< 66%(z5 +z1) — min{2ek — 1/2, 2¢}

e Y Y

1 1
te that 1 and ——
(noe a1+k< an 1+k< )

1+k
= 6&%(z5 +z;) — PE1,

1 : k
< 66%(z5 +21) — —— min{2ek — 1/2, 2¢} (/ u?dx + 5(2w(2) + wg + 2wl + w‘f))
0

where

p= 1+k
It therefore follows from (2.6) and (2.7) that

min{2¢k — 1/2, 2¢} > 0.

. . 1262 . .
V =FE+ — (z0Z0 + z1Z1)

%ymo—mllk%&uh

<6
< — (E1+ZO+ZI)’

where

7 =min{p, 6¢°}.
Inequality (2.23) shows the L? exponential stability. Further, the closed-loop system

Uy — &gy + uu, =0,
uxt|x:0 = [ - fx(ux - k(u + ”3)) + k(l + 3u2)(8uxx - uux)]'x:O,
uxt|x:1 = [ - fx(ux + k(u + u3)) - k(l + 3u2)(8uxx - uux)]'x:lg

uli—o = u°

is H3 stable and well posed, as stated in the following theorem.

1
/ u? dx + —(2w0 +2w] + 2wi + 2w ))
0

1
/ u? dx+—(2w0+w0+2w1 —|—w1)>

295

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
(2.26)
(2.27)

(2.28)

Theorem 2.1. Suppose that the initial data u° € H3(0,1) and k > 1/(4¢). Let zy and z, be defined by (2.2)

and (2.3), respectively. Then problem (2.25)—~(2.28) has a unique global classical solution u with

u e C([0,00); H3(0,1)) N C([0,00); H'(0,1)).
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Moreover, the solution satisfies the following L?, H' and H? stability estimates

662
(I + =~ [0(0)” +21(07’] <|| P+ % [zO<0> +21(0) 1) (2.29)
()7 + (0,1 + un(1,2)> < C(||20 + u%(0)> +u(1)%)
xexp(C([|u® |7 + ud(0)? + ud(1)2)} )™, (2.30)
()75 < ([l 775 )exp(C ||| 55 )™ (231)
for t =0, where
_ ky
0 <= 4(1 + k)ymax{1, 6g/a} <2, (2.32)
. k?ory
0 <o <min {a’"’ 3k + 8)(dx(1 +k)+6ks2)}’ (2.33)
w,; = min{w, 2¢/5,¢k/5} (2.34)

and vy is defined by (2.24) and C = C(e,a, k) is a positive constant.

Remark 2.1. In the case where u° € H3(0,1), it can be seen from (2.15), (2.16) and (2.31) that the control
inputs ¢ and ¢, are bounded and converge to zero exponentially as ¢ — oo.

3. Proof
In this section we prove our main result. By applying Theorem 7.4 of [12, p. 491], we show that problem
(2.10)—(2.14), which is equivalent to (2.25)—(2.28), is well posed. The stability estimates (2.30) and (2.31)

are proved with the Lyapunov method.

Proof of Theorem 2.1. Step 1: Well-posedness. Solving ordinary differential equations (2.26) and (2.27), we

obtain
Uelv—o = z0e ™ + k(wo +wp), (3.1)
|1 = 20e ™" — k(w1 +w}), (3.2)
where
zg = u(0) — k[u"(0) + u*(0)’], (33)
20 =01 4+ k[u®(1) + u°(1)]. (3.4)
Consequently, in the class of classical solutions, problem (2.25)—(2.28) is equivalent to
U — Uy, + uu, =0, (3.5)
lvmo = 2067 + k(wo + wp), (3.6)
ux|x:1 :Z?e_“t - k(W] + W%)s (37)
o = u®. (3.8)
Set

a(x,t) =x(x — 1)*z0e ™ + x*(x — 1)z)e ™™, (3.9)
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v(x,t) =u(x,t) — a(x,t). (3.10)
Then we have

Ux‘x:O = ux|x:0 — Qy |x:0
=z0e™™ + k(wo +wp) — z0e ™

(note that v(0,¢) = u(0,¢) = wy)

= k(v(0,1) + v(0,1)*) (3.11)
and likewise,
Uleer = —k(v(1,2) + v(1,2)*). (3.12)
Hence, problem (3.5)—(3.8) becomes
U — &gy + (0 + a)(vy + ay) + ar — eay =0, (3.13)
Ocle=0 = k(0(0, 1) + 1(0,1)*), (3.14)
vrlvmr = —(0(L 1) + o(1,1)°), (3.15)
v]i—o = u® — a(x,0). (3.16)

We can readily verify that problem (3.13)—(3.16) satisfies all conditions of Theorem 7.4 of [12, p. 491] with
any positive constant f§ there (especially note that condition (7.36) on p. 487 of [12] is satisfied). Therefore
we conclude from this theorem that problem (3.13)—(3.16) has a unique classical solution v in the class
H2B14B2(Q % [0, T]) for suitable T > 0. Consequently, problem (3.5)—(3.8) has a unique classical solution
u=v+a in the class H>#1*2(Q x [0, T]). Global solutions are obtained by establishing a priori estimates
below.

Step 2: L?-estimate. In what follows, we denote by C = C(e,a,k) a generic positive constant that may vary
from line to line.

Since

2(1+k)

V< max{1, 6¢%/a}(E| + z2 + z}), (3.17)

we deduce from (2.23) that
_ ky V.
2(1 + k)max{1, 6&2/a} ’
which implies that
V<V (0)e 2 >0, (3.19)

where y and wq are defined by (2.24) and (2.32), respectively. This proves (2.29).
Step 3: H'-estimate. On the other hand, integrating by parts and using Egs. (3.5)—(3.7), we obtain

V<

(3.18)

1
Ei =2 / ity dx + 2K[(W3 + wi s + (w3 -+ wo i)
0

1
= 2wiz1 — 2Wozo — 2/ Uy (8 — utty ) dx
0

0<x<l1 5 0<x<1

2(1 +k : : 1 :
X (note that max u(x)zs(T—F)El and 2/ Uy Ully dxgs/ u)zrx + — max u(x)z/ ui dx
0 0 € 0

2(1 + k)

2
ek !

1
< 2z1Wp — 2z9Wp — a/ w? dx +
0

2(1+ k)

E?. 2
7 1 (3.20)

d d
< 2E(W121) + 20(21W1 -2 E(WOZO) — ZO(Z()W() +
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Adding d/d1(3z}) and d/d#(3z}) to both sides, we obtain

d k 2 [k 2k :
a (El_E(W%+W%)+%(EWO+ZO> +%<EW1—21)>

21+4)

4
<20z 1wy — 20zgwy — *O( (Z(% 1) +— ck

2(1+k)

<C
(wg +w) + =—— ok

Denoting

k 2 (k 2k :
JZEl—E(W(%-FW%)-F%(EWo-FZo) +% (§W1—21>

1
k
=/ g+ 5 (WG w4 wi 4 wi)
0

2 k : k :
+% (“x|x0_§W0_kW8> + (ux|xl+zwl+kwil§) ‘| 5
we get
2(1 +k)
J<C
(Wo ) ck
It is clear that
1 3 4 3k+
SEI<I<TE+ %(2(2)+Z%)< (Ey + 2§ +z7).

For M > 0 yet to be determined, we define the Lyapunov function G as

662
G:MV+1n<1+J+;(z§+z$)>,

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

which, in view of (3.22) and (3.24), is positive definite and radially unbounded in the argument of ||u| 1, 1.:(0)

and u,(1). It is also easy to see that

62 5,
G <MV +J + o (2 +22)
o

2M(1 +k 6Me?
< ( )E1+ :x (Zo+21)+J+7(Zo+Zl)

k
aM(1 +k Me?
< (k+ )J d (Z%—&-Z%)—&-J-i— % (2(2)—&-2%)
AM(1 +k)+k 682(M+ 1)
< i J+ (z5 +21)

o AM (1 + k) + k) + 6k82(M +1)
= kot

J +Z(% +z2).

(3.26)



W.-J. Liu, M. Krsti¢| Systems & Control Letters 41 (2000) 291-303 299

It then follows from (2.23), (3.23) and (3.24) that for M > 16(1 + k)(3k + 8)/2epk?

J + (1262 /o) (zoZ0 + z1Z1)

G=MV
3 +J + (662/a)(z3 +z3)

(use (3.23) and note that zozy + z1Z] = —a(z3 + z}) is negative)
C(w§ +wi) + [2(1 4 k)/ek]ET

1+J + (662/a)(z3 + z3)
(use (2.23) and the first inequality of (3.24))

<MV +

1+k
< —My(E| +z5+27) + it Z )J+C(w§+w%)
) 8(1+k Mk,
< E+F+H -G+ (Z) (C 2/>(0+ D
2kMy My 8(1+k) Mky
<_7 - -
2(3k+8)J 2 (z0+7)+ o C (W +wi)
2kMy 8(1 4 k) Miy
< — _ R
< <2(3k—|—8) 2 >(J+ 0+Zl)+(C > )(w0+w1)
- kot 2kMy 81 +K)
S a(AM(1 4 k) + k) + 6ke2(M + 1) \ 2(3k + 8) ek
Mk,
+<C——/)( W2 + wd). (3.27)
Since the function
M) = kot 2kMy — 8(1+k)
T a(4M(1 + k) + k) + 6ke2(M + 1) \ 2(3k + 8) ¢k

is increasing and
Koy
li M) =
S M) = R Gl + 1) 1 6k

we can find an M, sufficiently large such that w; < f(My) and C — Myky/2 < 0, where w; is defined by
(2.33). Consequently, we obtain

G< — 0 G. (3.28)

Hence, we have
G<G(0)e ™, >0. (3.29)
It therefore follows that
1+J+ 6782 (z3 + z3) <exp(G(0)e~ '),
and then
J+ %"Z(zg +27) < exp(G(0)e™ ") — 1
< CG(0)exp(G(0))e™
< Cl® 7+ 1[5 +2(0) + ud(1)?)
xexp(C[[u’[7 + [ull5 +u2(0) +ul(1)*))e ™, £20, (3.30)
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which implies (2.30) since

|71+ 1150+ u(0) +ul(1)?
<3 + w20 + ud(1) + (3 + ul(0) + ud(1)?)?
<C([u|7 + 120 + ud(1)) exp(|[u®|7 + ul(0) + ul(1)?)
<eC([lu 3+ u(0)? + ul (1) exp(([[u®[7: +ul(0) + ud(1)2)*) (3.31)

and

exp(C([[u® (I3 + 1115 + u2(0)? +ul(1)%))
<exp(C(1 + ([u° |7 + u2(0)* + ud(1)*)*))
=eCexp(C([[u’ |7 + u(0)* + ud(1)%)?). (3.32)

Step 4: H?-estimate. In order to obtain the H’-estimate, we estimate the L?> norm of u,. Integrating by
parts and using Eqgs. (3.5)—(3.7), we obtain

P 1
a /0 ut2 dx = 2/0 u(EUper — Uty — Uy ) dx

< —2ek[W(3wE + 1) + W2 (3w? + 1)] + 2692, — 2evi0zo — 26| ||> + Clluae | I|oae | 1 ||l
= —2ek[Wi(3wi + 1) + wi(Bwi + 1)]

—2eawz + 2eawgzg  (use (2.6) and (2.7))

2

—2¢Ju||” + Clluell[eeel [ o [[uel]

(note definition (2.34) of w;)
< —3ekDin(3wg + 1) +WiBwi + D]+ C(2f +25) — Sal|ur7 + Cllael[ el [
< —Lek[W3(3WE + 1) + W2 (3wh + )]+ C(Z2 + 23) — dan||ug|[31 + Cllu||*]]ul[ 71
< —LekDi(3wE + 1) +wiGBWE + DICE + 28) — 20s |lur||” + Cllue|*|[ull3- (3.33)

Multiplying (3.33) by e***' gives

d
() < €t +20)e™ + Clullip ] e
< C(2 4 23)” + Cllul 2 |Jus|*2". 3

It, therefore, follows from (2.29) that
t
[ |2 <fues(0)]* + CC[e 72 + [l 52) + C/ el 71 [ | P> s,
0

and then by (2.29) and Gronwall’s inequality we obtain

il P < €Ul 72 + 2 exp(CCU [ + 117 ))e ™2, >0, (335)
Since

ot 1> < CClue >+ NJull ), (3.36)
it follows from (3.30), (3.35) and (3.36) that

2 2 12 2 6 —20
el [* < ([ + N[l 2) exp(CCUJu [z + [ [772))e >, 220 (3.37)
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Step 5: H3-estimate. To prove that (2.31), we estimate u,,. Integrating by parts and using (3.5)—(3.7), we

obtain
d [! 1

2
& ul, dx = 2uyuy
tJo

1
— 2/ Uyr (EUpy — Ugthy — Uy ) dX
0

0
_ i -2 2 i .2 2
< —k | =(WHBWE + 1)+ —(wH(3Bwi + 1)
dt dr
20121 — 219020 — 26l[ttexe || + 8ot | l4el| o 12 1
d
< —k a[wg(swg + 1) + w2 (3wl 4 1)] 4 6k(wiwo + wiwy)

—20z1W + 20zoWo  (use (2.6) and (2.7))

2 2
+C [ [l

= —k%[wg(swg + 1)+ wi(Bwi 4 1)] 4 6k(wawo + wiwp)

d . d . . .
—2a &(w]zl )+ 20 &(W()Zo) — 2z10%W + 2200 + C||u,||§1| Hu||§11

Adding d/dt(oz3/k) and d/d#(o’z3/k) to both sides and setting

1
Jy = / u?, dx + 3k(iAwd + wPw?) + (Viwy + 21/Vk ) + (Ve — 2o/ VK ),
0
we obtain
- . . . o, 20
J1 < 6k(igwo +wiwi) + 2[z1o v | + 2|zo|o ol — T (25 +21) + Cllw |3 1l 7
< 6k(Wwawo + Wiw) +COV3 +wh) + Cllul[2 1.

=1

We now estimate /. Since for any x, y € [0,1]
o =o0 + [ (@):dE<o0)? + ol
y

we have

2 ipll?
Jmax, v(x)" < |Jo|” + (o] [|ox]|-

It, therefore, follows that
idwil < i laee|* + el )
. 4 2 2 .
< 3O} llaed|* A+ flae [l ), = 0,1

and then

1
1<CY iwi + Cllul|* + Cllae] | [
i=0
Thus, we deduce from (3.40) that
1
Ji<CY Wi w7 4+ 1) + Cllu|* + C(lfuel* + [Jul| 7)1
i=0

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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On the other hand, multiplying (3.33) by e“*, one obtains
d w . . )
g e + ZakDig (3wt + 1) + i (Gwi + 1]

<O+ 22)e™ + Cllulli |Ju]*e™

<C(} +2)e + Cllulljp e, (3.45)
Integrating from 0 to oo and using (3.30) and (3.35), one obtains
oo 1
/ D w007 + e de < C(Ju [z + [ ll2)- (3.46)
0 =0
It, therefore, follows from Gronwall’s inequality (see, e.g., [9, p. 63]) that
TS C( s + Nl exp(C U 2 + a7 )™, 120, (347)
Since
et < €l |* + [l 72 (3.48)

(2.31) follows from (2.30), (3.37) and (3.47) with the use of (3.31) and (3.32). [

4. Conclusion

In summary, we propose here a backstepping boundary control law for Burgers’ equation with actuator
dynamics, which depends not only on the signals u(0,¢) and u(1,¢), but also on u,(0,¢), u.(1,?), u(0,¢) and
uy(1,¢). With elaborate Lyapunov analysis, and applying a result from the the classical theory of nonlinear
partial differential equations of parabolic type, we prove that the controlled closed-loop system is globally />
stable and has a unique global classical solution.

As we pointed out in the introduction, system (1.1)—(1.3) is only an example of a more general class of
boundary control problems (yet to be investigated) tractable by backstepping. To give a preview of possible
future extensions, we offer the system

Uy — &gy + uu, =0, (4.1)
1
uxt|x:0 - fOl u|x:0a ux‘x:Oa uxx|x:0a/ udx + éOa (42)
0
1
uxt|x:l = fll u|x:1’”x‘x:1:uxx|x:15/ udx + 51: (43)
0
) 1
o= fo2 ulx:O:ux‘x:Oyuxx|x:0:/ udx, & | + o, (44)
0
) 1
&=/ M|x:1,ux\x:1,uxx|x:1,/ udx, &y | + o1, (4.5)
0

where f; are smooth functions and ¢, ¢ are controls. The variables &y, ¢; serve as “virtual controls” to
the u|,—o,u|y=1 equations, effectively separating the inputs ¢, ¢; from the Burgers equation but not one but
two cascaded integrators (on each end of the [0, 1] interval). After designing the control laws in two steps
of backstepping, one would need H>(0,1) estimates on u to show regularity of the control signals. Adding
more integrators would be standard insofar as the backstepping design task is concerned, however, regularity
analysis would require estimates of increasingly high order.
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