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Abstract. We consider the exact controllability for the problem
of transmission of the plate equation with lower-order terms. Us-
ing Lions’ Hilbert Uniqueness Method (HUM for short), we show

that the system is exactly controllable in L2?(2) x H=2(Q2). We
also obtain some uniqueness theorems for the problem of trans-
mission of the plate equation and for the operator a(z)A? + q.
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§0. Introduction

This paper aims to consider the exact controllability for the problem of transmission of the
plate equation with lower-order terms

y" +a(x)A% +qy =0 in Q,
y(0) =4°, ¢/ (0) =y in €,
0y

Y2 = 07 . ¢ on 27
” ov (0.1)
Yyi=Y % = % on X

! 2 oy ov BA OA L
a1Ay; = a2Ayz, a1 LA as 92 on .

ov ov

In (0.1), © is a bounded domain in R" (n > 1) with suitably smooth boundary T' = 99, and
Q; a bounded domain with ©; ¢ Q and suitably smooth boundary I'; = 90Qp; Qo = Q — Oy,
Q = O x (07T)> Ql = Q1 X (OaT)a QZ = Q? X (07T)7 X =TIx (07T)7 Z1 = 1—‘l X (07T) for
9y
Ev
y(0) = y(=,0), ¥'(0) = v'(2,0), y1 = yla,, y2 = yla,; ¢(z,t) is a given function on Q satisfying

T > 0; v is the unit normal of ' or Iy pointing towards the exterior of Q or Q; y =

q € L>(Q), (0.2)
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and a(z) is given by

_Ja, x ngh
o) = {0 O 03)

where a7 and as are positive constants.

To be precise, the problem is: For suitable T > 0 and every initial (y°,y!) (given in a suitable
Hilbert space), we want to find a corresponding control ¢ driving system (0.1) to rest at time T,
that is, such that the solution y(z,t; ¢) of (0.1) satisfies

y(@,T;¢) =y'(x,T;¢) =0  inQ. (0.4)

Since the problem is linear, this is equivalent to steering the system to any state. This question
was raised by Lions (see [10], p.395) in the case of ¢ = 0.

There has been extensive work (see [1], [4]-[11]) over the past ten years on the problem of exact
controllability for the plate equation. However, Concerning the problem of transmission, there has
been no study so far. In this paper, using Lions’ Hilbert Uniqueness Method (HUM for short),
we will show that under certain assumptions made on 7, a(z), and ¢(x) we can find a control

¢ € L*(2) steering system (0.1) from any initial state (y°,y') € L2(Q) x H~2(2) to rest.

Meanwhile, we also obtain some uniqueness theorems for the problem of transmission of the
plate equation and for the operator a(x)A%+ ¢, which themself are of significant importance. These
theorems are in part the answer to the open question raised by Zuazua in [14].

Throughout this paper, in addition to the above notation about  and £2;, we also adopt the
following notation. Let z° € IR"™ and set

0= (mk - CC%),

@) ={zecl : mx)- v(x)=my)v(z) >0},
.2 =T-T@") ={zecT : m(z) v(z) <0},
B(a") = T(z°) x (0,7),

Y (2Y) =T (2%) x (0,7),

m(z) =z -z

R(2°) = max | m(x) |= max | Z T — %) % .

H#(Q) always denotes the usual Sobolev space and || - HS)Q denotes its norm for any s € R. Let X
be a Banach space. We denote by C*([0,T], X) the space of all k times continuously differentiable
functions defined on [0, 7] with values in X, and write C([0,7], X) for C°([0,T], X).

The plan for this paper is as follows. In section 1, using the variational methods, we briefly
discuss the well-posedness for the problem of transmission. Section 2 is devoted to the discussion of
the boundary regularity of solutions . Section 3 concerns nonhomogeneous boundary value problems.
In section 4, the key estimates for the solutions (i.e., the so-called “ observability inequality”) are
obtained. Finally, in section 5, the theorems of exact controllability are given.

§1. Well-posedness

We shall use the variational methods to solve the problem

u’ 4+ a(x)A%u + q(z, t)u = f in Q,
uw(0) = u®,  u(0) = ul in £,
U2
27 5 _80’ on >, (1.1)
U1 8u2
Ul = Uz, e on X,
auﬁulzzayﬁu% alaAUI::agaAuz (anl

ov ov
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where u; = ulg, and us = u|q, .

Set
HYQ,T)) = {u Cwe H2(Q); w € HNQ), i=1,2; (1.2)
0A 0A
a1Aur = asAus and aq o as 42 on 1"1}
v v

with the norm .
3

o= (1w B, + 1z 15.0,) (1.3)

It is well known that the norms || u |4, and || A%u |jo.o on H*(Q) N HZ(Q) are equivalent
since A? is an isomorphism from H*(Q) N H3(Q) into L*(Q) (see [12], Vol I, Chapter 2, p.165).

We generalize this result to the transmission case H*(,T1). We first consider the regularity of the
solution of

a(z)A%u = f in €,
Uy = ﬂ = O on F7
Y om0 (1.4)
_ A :
up =t o= on I'y,

A A
alAul = GQAUQ, ala hal = aga 42

ov ov

on I'y.

Lemma 1.1. The solutions of (1.4) belongs to H*(Q,T) for f € L?().

Proof. The solution u of (1.4) can be written as

Uy, TE Ql,
u =
U2, T € 927

where u1, us are respectively the solutions of

asA%uy = f in €,
0
Uy = %20 on I,
and
a1A2u1 = f in Ql,
U =u % = % onTI
1 — w2, B - B 1,

alAul = G,QA’U,Q, al 8AU1 = a 8AUQ

ov ov
It follows from the elliptic regularity that us € H*(Q). By the trace theorem we deduce ug € H 3 (T)
0
and % € H? (T'1). Again by the elliptic regularity we have u; € H*(Qy). Thus u € H*(Q,T';).0
v

on Fl.

Lemma 1.2. Suppose the boundaries T' and I'y of Q and Q, are of class C*. Then the norm
| w | mrago,r,) on H*(Q,T1) defined by (1.3) is equivalent to

1
2

ulisorn= (I A% 30, + | A%z [3,) (1:5)

Proof. The sesquilinear form «(u,v) associated with problem (1.4) is
a(u,v) = / a(x)AuAv dx, Yu,v € HZ(Q).
Q
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It is easy to see that the sesquilinear form « is coercive on H3(Q). Let A be the operator associated
with the sesquilinear form « by

a(u,v) = (Au, vy, Yu,v € H3(Q),

where (-, -} denotes the dual product between the spaces H3(Q) and H~2(Q).
By the Lax-Milgram theorem, A is an isomorphism of HZ(Q) onto H2(Q). Set

D(A) = {ue HX(Q) : Aue LX(Q)},

then by Lemma 1.1 we have
D(A) = H*(Q,T,).

By Proposition 9 of [2, p.370], H*(2,T1) provided with the norm of the graph

[ME

I lloeay= (Il 32 + Il Au 20 )

is a Banach space. In addition, H*(2,T';) with the norm || - | #4(,r,) is also a Banach space, and
the norm || - || g4 (q,r,) is stronger than [ - || p(a). By the Banach open mapping theorem, these two
norms || u || gaco,r,) and |lul|pcay on H*(,T1) are equivalent. Again by the Banach open mapping
theorem, A is an isomorphism of H*(Q2,T';) onto L?(Q) with H*(2,T';) provided with the norm
of graph since A : H*(Q,T1) — L?(f) is continuous, one-to-one, and onto. Consequently, A is also

an isomorphism of H*(Q,T'1) onto L?*() with H*(,T'1) provided with the norm | - ||gaor,)-
It therefore follows that the norm || w || ga(q,r,) is equivalent to | u |ga(or,) on H*(Q,T1) since
A =a(x)A% on H*(Q,T). |

Lemma 1.3. H*(),T) is dense in HZ(Q).
Proof. Let HZ(£) be provided with the following scalar product

(u,v) = /Qa(x)AuAvdx, Yu,v € H2(Q),

which is equivalent to the usual one.

Let w € H3(9) be such that
(u,w) =0, Yu € H*(Q,T4),
then

O:/a(:v)Aqudx:/a(:U)wA2udx.
Q Q

By Lemma 1.1, a(x)A%u runs over all L?(Q) when u runs over all H*(2,T';). Thus w = 0. It
therefore follows from Hahn-Banach theorem that H*(£2,T';) is dense in HZ(f2). 0
Lemma 1.3 is not obvious since C§°(Q2) ¢ H*(Q,T').

Let A1 be the smallest eigenvalues of the operator A? with Dirichlet homogeneous boundary
conditions on L2?(2), that is,

A%y =Mu inQ,
{u—%—o onT. (1.6)
Then 1
[[ullo < —/\1||Au||0, Vu € Hg(Q). (L.7)



Since we have for u € H(Q) N H} ()

/ Vul?dz = / —uAudz < [ullol|Aulo, (1.8)
Q Q
we deduce from (1.7) that

Vullo < [Aullo,  Yu € HF (). (1.9)

L|
1/4
A/

We define the energy of system (1.1) by

E(u,t) = % /QH u(z,t) | +a(z) | Au |*]d. (1.10)

Theorem 1.4. (i) Suppose the boundaries I' and Ty are of class C?. Then for every initial
condition (u®,u') € HZ(Q) x L3(Q) and f € L'(0,T;L?(Q)), problem (1.1) has a unique weak
solution with

u(t) € C([0,T]; Hg () N CH([0,T]; L*(€)). (1.11)

Moreover, there exists a constant ¢ > 0 such that for all ¢t € [0,T)

lu(®) llz. + | w/(t) loo< el u® |

2.0+ [l u' floq+ I f 10,5020 |- (1.12)

(ii) Suppose the boundary T' of Q0 and the boundary T'; of Q are of class C*. Assume
that ¢ € L>(0,T;W2%>(Q2)). Then for any initial condition (u°,u') € H*(Q,T1) x HZ(Q) and
f € LY0,T; H3(Q)), the problem (1.1) has a unique strong solution with

u(t) € C((0, T]; (@, 1)) 0 ([0, T}; H(Q). (1.13)
Moreover, there exists a constant ¢ > 0 such that for all t € [0,T]

| ' (t) [l2,0 +lu)] g20,ry) (1.14)
<clllu! la,0 +lu’las@rn+ | £ lloorsmze) |-

Theorem 1.4 can be proved by the variational methods (see [3], Chapter XVIII) and Lemma
1.2.

§2. Boundary Regularity

In this section we discuss the boundary regularity of the solution of (1.1). To this end, we
first establish the following important identity that plays the key role in obtaining the boundary
estimations for the solutions. These estiamtions are the essential part in the applications of HUM.

Lemma 2.1. Suppose the boundary I' of § is of class C? and the boundary T'y of Q is of
class C*. Let p = (pr) be a vector field in [C?(Q)]". Suppose u is the strong solution of (1.1).
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Then the following identity holds:

N | =

/ asprvy | Aug |2 dX
b

ou(t)\|T 1 [ Ops 9 9
(. - r2 -
_(u (t), px o, )‘0 + 5 /Q BmkH u' |? —a(x) | Au |*|dzdt

2
—I—/ a(I)ApkAuﬂd:cdt—&—Q/ a(:c)%Au Ou dxdt
Q Oxy, Q Ox;  Oxp0z;
Ju Ju (2.1)
—/ fpk—d:cdt+/ qpru——dzdt
Q &Ck Q &Ck
1
+ 5/ kak(al | Aul |2 —as | A'LLQ |2>d2
b
1 82
A — up)dX.
+/21 a1 ulpkal/ﬁxk (ug — u1)
o Ju : .
Proof. Multiplying (1.1) by pka— and integrating on @, we have
[
0 0 0
/pk—uu"d:cdt+/ pk—ua(I)A2udzdt+/ qpku—udzdt

:/ pkﬂfdzdt.
Q 8CCk

8Au1 (9A’U,2 8u1 - 8u2

Integrating by parts and noting that a; = as , — = —, a1Au; = asAus on Xy,
ov ov 8CCk 8CCk

ou
and —2 =0 on >, we obtain
T

ou " / 8u(t) T 1/ 72
U dadt = (' (¢ ‘—— x;
/kaaxku x (U(),pk Der )0 5 Elpkwclull

1 1
—I——/ Opr uf 2 dzdt+—/ prvk | uh |2 dE
2 Q1 a(Ek 2 >N (2 3)

1
+—/ 9Pk | 12 dvdt
2 Q2 a(Ek

ou(t)\|T 1 [ Opk 9
—(. - !
_(u (t), px oz, )}0 + 5 /Q D2, u' |2 dxdt,
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and

/a( )Pk a—A2udwdt

Q * O

B 6Au1 ouq 0 Ouy
_/21 ai ey &deE /21 G1AU18 (pka k)dE

ou 0A 0
+/1a1AulA(pk8—:v;)dzdt_/El as aUQPkﬂdE

v oxy,
+/El agAUQ%(pkg—Zi)dZ+/Q2 CLQAUQA(pkg—mi)d:cdt (2.4)
+La28§:2pkg—xdz /EazAuQ;( gZZ)dz
2/21 alAulpkalf;x (uz —ul)dE—LagAugpkaiQ;; dy

—i—/ alAulA(pkg k)dzdt—F/ CLQAUQA(pkg )dmdt

2
Moreover,

/alAulA(pkg—x)d:cdt—F/ QQAUQA(pk%)dIdt
Q2

1

ou dpx 0%u 1 (’“)p;C
= AprA +2—A Au |*]dzdt 2.
/Q ( )[ Pi ua Tk 8CCJ‘ uazka.i?] 28Ik | |] v ( 5)
1 1
+ 5/ agprvk | Aug 2 dX + 5/ prvi(ar | Aup |2 —ag | Aug [7)dE
b)) P
2 2 2 2
Noting that (’“)(?/ ;;k = %:22 v, and %—;%2 = %ug on X, it therefore follows from (2.4) that
/Qa(:c)pk ;—;:Azud:cdt
ou dpk 0%u 1 dpy 9
= ApprAu—y +2—A — ——— | Au |*]dzdt
/Q“(z)[ PR Y A B, 20y | AUl
: : ; (2.6)
_ 5/;02Pka | Aus |2 dy + /El alAulpka B ( — ul)dE
1
+ 5/ prvi(ar | Auy |2 —az [ Aug |2)d2
PN
From (2.2), (2.3), and (2.6) we deduce
/ fpk%dxdt
T px, 72
= (u'( 7198:%)’04— [ a7 det
ou dpx 0%u 1 0px 9
+/ o) ot + 25 Aus i SO | A e
62
asprvi | Aus |* dE + /Zl a1 Auypy 900z, (ug — uy)d%

N = wly—l
M\M\

ou
pkl/k(al | Aup | —ao | Aug |?)dE +/ qpkua—d:cdt.
Q Lk
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This implies (2.1). O
After establishing the identity (2.1), we can obtain the boundary regularity and boundary
estimations for the solution of (1.1).

Lemma 2.2. Suppose the boundary I' of  is of class C3. Then there exist a constant ¢ > 0
such that for all weak solutions of (1.1)

[1u iz <l o+t o+ 1 £ Bsomiaa)- (27)

Proof. ~ We choose p € [C%(Q)]" such that p = v on T and p = 0 in g, where the open

set Qo satisfies Q) C Qp C Qo C Q. Then the inequality (2.7) follows from Theorem 1.4 and the
identity (2.1). O

Lemma 2.3. Suppose the boundaries I' and T'y of Q and Qi of are class C*. Assume
q € Wh(0,T; L>(Q)) N L>=(0,T; W2°(2)). Then there exist a constant ¢ > 0 such that for all
strong solutions of (1.1)

| Aug |2 dx <c Huolliwm,rlﬁ [ ut 7 (0,T;H2(Q) | * (2.8)
» 0

Proof. By density and passage to the limit, it suffices to prove (2.8) for f € D((0,T); HZ(Q)),
where D((0,T); H3(£2)) denotes the space of all infinitely differentiable functions in ¢ with compact
supports in (0,7) and values in HZ(€2).

Let u be the solution of (1.1) and set v = v/, then v satisfies

V" + a(z)A% + qu + ¢'[u —I—fo s)ds] = f in Q,
v(0) =ul, v(0) = —a(z)A%u’ — quo in Q,

av2 on %

Vo = =0, n 2.,

> v (2.9)
. 6’1}1 - (91)2 »
U1 = V2, E A A on 2.,
alAvl = GQAUQ, ai ! = a2 b2 on 21.
ov ov

Choosing a vector field p as in the proof of Lemma 2.2 and using the identity (2.1) ( at this time,

t
0
we have a more term / q'[u® + / v(s)ds]pk—vdxdt), we obtain
Q 0 8Ik

1
—/a2|Au'2|2 ax
2 s

1
:—/a2|Av2|2 ax
2 s

(@0 2)| + 3 / 00k 147 2 —a(a) | A Pldzdt

(9£Ck
(2.10)
Pv_ ar

v Opr.
-I—/ a(x )ApkAva— d:cdt+2/ a(x )ax]A Torda,

/ fpk— dmdt—!—/ qpkva— dxdt
Q axk

(9£Ck

t
—I—/ q’[uo—l—/ v(s)ds]pkﬁdzdt.
Q 0 axk



Since
v =" = f —a(z) A% — qu, (2.11)

we deduce

:/ fa_(fp’“) d:cdt—/(a( )A? u+qu) 9 (fpk) dxdt (2.12)
Q Ok Q

8pk 1 0
= 22 ddt —/ —(f?) dzdt
Qf 9z, +t3 kaaxk(f) x

- [ @@atu+ a2 (1) duds
Q Tk

1 8pk 0
_5/Qf2 dx dt—/Q( a(x )Azu—l-qu)a—xk(fpk) dadt.

afk

Substituting (2.11) and (2.12) into (2.10) yields

1
—/a2|Au’2|2 dy:
2 s

(v 0.0 20) "1 / 0k 1 £~ afw) A% — qu | —alz) | Ao Pldedt

6mk afk

dxdt

Ov Opr; 0%
+/Q a(x )ApkAva— d:cdt—|—2/ a(x )ax]A onda;

—5/ fzg—zz dzdt+/( (z)A? u+qu) 0 (fpk) dxdt

¢
+/ qpkva— d:cdt+/ [uo—l-/ v(s)ds]pkﬁdzdt
ox Tk Q 0 afk

2.13)
ov(t)\ T ov (
—( v
_(v (t), pk . )‘0 —i—/@a(m)ApkAvazk dxdt
0Pk 0%
+2/ a(z )8% Avaxkazj dxdt
9k

5 o 9z, [a®(x) | A%u |? +2aquidu + ¢*u® — a(z) | Av |?] dadt

of v
2 [E——— [
+ /Q(a(x)A u+ qu)pr i dxdt+/@qpkvazk dxdt
7,,0 ' v
+ [ Jw+ | v(s)ds|pr=—dxdt.
Q 0 8Ik
Since f(0) = f(T) =0, it follows from (2.13) and Theorem 1.4 that

/Z | Aup [2 2 < e[lea+ 11t I3+ 11 F IEsommz | o
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§3. Nonhomogeneous Boundary Value Problems

We now are in a position to consider the nonhomogeneous boundary value problem which
introduces a control function ¢ € L?(X):

v’ + a(x)A%u+ qu =0 in Q,
uw(0) =u®,  u(0) = ul in Q,
ug = 0, 8u2:¢) on X,
v (3.1)

U U % % on %

1 — w2, ) 8V8A A 1,
alAul = CLQAUQ, aq u = a2 Uz on 21.

ov ov

The solution of (3.1) can be defined by the transposition method (see [12]) as follows.
Definition 3.1. wu is said to be a ultraweak solution of (3.1) for (u°,u') € L2(2) x H~2(Q)

if we have
/ fudzdt = (0(0),u") — [ 6 (0)u’ dv — / aspA02dY, Ve D(Q), (3.2)
Q Q b
where 6 = 0(x,t) is the solution of
0" + a(x)A2%0 +qf = f in Q,
O(T)=0"(T)=0 in Q,
004
0o =—=0 on X,
ov (3.3)
0, =106 % = % on %
AR ;
a1A91 = GJQA@Q, aq ! = a2 2 on 21.
v v

and (-,-) denotes the dual product between the spaces H3(Q) and H=2(f2) , and D(Q) denotes the
space of all infinitely differentiable functions defined on ) with compact supports in Q.

Theorem 3.2. Suppose the boundaries I' and 'y are of class C*. Assume ¢ € WH°(0,T; W2>°(Q)) |}

Then for all (u°,ut, ¢) € L*(Q) x H~2(Q) x L?(X), there exists a unique ultraweak solution of (3.1)
with

e C([0,T]; L2(Q)) x C((0, T]; H (). (3.4)
Moreover, there exists ¢ > 0 such that for all t € [0,T]
[u(®) oo + | () —20< elll v’ log + | u' |20 + | ¢ 2] (3-5)

Corollary 3.3. Let I' and Ty and q be as in Theorem 3.2. Then for all (u°,u',¢,f) €
L2(Q) x H72(Q) x L*(X) x L*(0,T; L?(R2)), there exists a unique ultraweak solution of

u’ 4+ a(x)A%u+qu = f in Q,
uw(0) = u®,  u/(0) = ul in Q,
ug = 0, 8u2:¢) on Y,
v (3.6)
ui _ % »
Uy = uz, o 8V3A A on i,
alAul = G,QA’U,Q, ay L} = a2 42 on 21,
v v




with
‘ u € C([0,T]; L*()) x CL([0,T); H~2(Q)). (3.7)

Moreover, there exists ¢ > 0 such thatfor all t € [0, T
() lloe + [ &'(t) [ -2.0< (3.8)
clll v flogo + Il u' l-z.0 + | ¢ 2 + | £ L2 0.1:02(09)-
To prove theorem 3.2, the following lemmas are necessary.

Lemma 3.4. Suppose the boundaries T' and 'y are of class C*. Assume g € WH°(0,T; W2(Q)) J}

d
If f= d_i with g € L'(0,T; H3(R)), then there exists a constant ¢ > 0 such that for all solutions
of (1.1) with u® = u! =0

[ w(T) 2,0 + [ ' (T) [lo,0 + || Auz L2y < |l g llLro,mm2(9) - (3.9)

Proof. By density and passage to the limit, it suffices to prove (3.9) for g € D((0,T); HZ()).

Let w be the solution of

w” + a(z)A%w + qu — fot q (z,s)w(z,s)ds =g inQ,
w(0) =w'(0) =0 in Q,
w2

=2 = on X,
2T o " (3.10)

. 8w1 - 8w2 »
wy = w2, o —8V8A A on 2.,
a1Awy = asAws, aq Y as w2 on Y.

ov ov

Then u = w’ is the solution of (1.1) with u® = u' = 0 since u/(0) = w”(0) = g(0) — a(x)A%w(0) —
qw(0) = 0(note that ¢g(0) = 0). (3.10) is solvable because w = fot u(s)ds. Similar to (1.12) and
(1.14), we deduce that there is a constant ¢ > 0 such that

[w®) 2o + [ w'(®) loe< el g leromrL2@), — VE€(0,T], (3.11)

| Aw'(t) [Jo,0 + || A%w(t) [lo,0< ¢l g 210,752 (22)) vt € [0,T]. (3.12)
Since

T
u=w"and ' (T) = w"(T) = —a(x)A*w(T) — qu(T) —|—/ ¢ (z, s)w(z, s)ds,
0
(because ¢g(T') =0), it follows from (3.11) and (3.12) that
[ u(t) ll2,0 + | A%w(t) [lo.o< e | 9 [l 0,7502 ) vt € 10,77, (3.13)

and .
| w(T) 2,0 + || & (T) |lo,0

T
< el ¢ s orsmaiey +Hiw(@) + / ¢ (z, syw(z, s)dsllo.) (3.14)
<clyg ||L1(0,T;H§(Q)) .
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On the other hand, choosing p € [C?(Q)]™ such that p=v on ' and p = 0 in Qg, where the

open set Qg satisfies ; C Qo C Qy C Q, and applying (2.1), we obtain

1
—/CL2|A1L2|2 ax
2 s

:(u/(T),pkaauT(f)) + = / gzk [| v |* —a(z) | Au |*|dzdt

dpx 0%u ou
2 A dxdt AppAu—— dxdt
+ / ale )(%c] “axkamj v +/Qa(cc) Pr uamk .

dg Ou )
- —gpk dadt + / gort— dzdt.
(9£Ck (9£Ck

Since ,
v =w" =g —a(x)A*w — quw + / q (x,8)w(z, s)ds,
0

we deduce in the same manner as in (2.12)

dg Ou
—pp—=—— dxdt
dt (9
1 28pk / 0
= dxdt — A? dxdt
2/6298% [ (awa + quy 5 gne) o

t
+/ i(gpk)/ d (z, s)w(z, s)dsdzdt.
Q a(Ek 0

Substituting (3.16) and (3.17) into (3.15) yields

1
—/a2|Au2|2 ax
=

2
ou(T) ou ou
—( gu gu
_(u (T), px i ) + /Q a(x)AprAu . dxdt + /Q qpkuaxk dxdt

L1 %[a%) | A% 2 +2gawAw + ¢*w? — a(z) | Au |?] dedt
Q 9Tk

t
4 [ 9 g @0~ qu) [ sy, o)dsdods
qQ Oxy 0

t
+%/ %(/ ¢ (x,s)w(x, s)ds)? dxdt
0

Q a(Ek

+2/ a(x )&CJA 8zk8zJ d:cdt—&—/@(a(z)A w + qw) pg D dxdt

/ 82 (gpk)/ot "(z, s)w(z, s)dsdzdt.

It therefore follows from (3.13), (3.14), and (3.18) that
| Auz [[z2m)< el g 10,200 -
Finally, (3.9) follows from (3.14) and (3.19).
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Lemma 3.5. Let I' and I’y be of class C*. Then for
¢; € H*I73()  j=0,1,2,3 (3.20)

there exists u € H*(Qy,s2) such that

97
8—;; =¢;, onl, j=0,1,23, (3.21)
where
HY(Q, Q) = {u D ue HA(Q); u € HYQ), i=1,2; (3.22)
dA dA
a1Aur = asAus and aq 8u1 = as au2 on I‘l}.
12 12

Proof. By the trace theorem (see [12], Chapter 1), it follows that there exists w € H*(2) such
that

o7
8—7“; —¢;, onl, j=0,1,2,3. (3.23)
v
Likewise, there exists v € H*(£);) such that
v=w on Ty, (3.24)
ov Ow
5 = E on Fl, (325)
as
Av=—=Aw on Ty, (3.26)
ai
OAv  ag 0Aw
5 a_? 5 on I'y. (3.27)
Then, v defined by
v, x €,
u—{w er; (3.28)
belongs to H*(Q1,Q2) and satisfies
o7
a—;j —¢;, onl, j=01,23. (3.29)
O

We now are ready to prove Theorem 3.2.

Proof of Theorem 3.2: 1t follows from Definition 3.1, Theorem 1.4, and Lemma 2.2 that

| /QUf drdt | < cf|| u® oo + | u' l—2.0 + || & | L2(s)] %

3.30
< 11160) 2+ 11 90) llo2 + | Ab [l 12(s)) (3.50)
< | u’ floe + [ ' l—z.0 + 1| @ ll2)] | f Nzico,msr2() -
Therefore, there exists a u € L°(0,7T; L?(2)) such that (3.2) holds. Moreover,
| w o o,msnzn < clll w0 oo + | w =20 + || @ [l2s)]- (3.31)

13



d
On the other hand, if f = d_i with g € L1(0,T; H3(Q)), then Lemma 3.4 gives

dg
| /Qu$ dadt |< cf|| «® flo,o + | u! [—2.0 + | ¢ 2] | 9 |21 0,7502 (2)) (3.32)

which implies «’ € L>(0,T; H=%(Q)), and
[ | oo (0,75 5r—2(02)) < €]l u? flo.o + [l u' [[—2.0 + || & [FRISNE (3.33)

Hence, if we can prove
u € C([0,T]; L*(Q)) N CH([0,T]; H (%)) (3.34)

for sufficiently regular u°, u!, and ¢, then by the density, the theorem follows from (3.31) and (3.33).

In doing so, we may as well assume that (u®,ul) € HZ(Q) x L%(Q) and ¢ € D((0,7); H=(T)). By
Lemma 3.5, there is ¢ € D((0,T); H*(Q1,Q2) N H}(2)) such that

oy

= o, on . (3.35)
Set
v=u—1, (3.36)
then
o+ (@) A2+ qu = (U + a(@)A%0 + q) = F in Q,
v(0) =u% v'(0) = ul in £,
8’02
Vg = E = on 27 337
Ly, Dm0 > 340
U1 = V2, CR ayaA A on 2.,
alAvl = (IQA’UQ, ai il = a2 b2 on 21.
v v
It is clear that F' € L'(0,T; L?*(Q)). Thus, it follows from Theorem 1.4 that
v € C(0,T); Hi(2)) N CH((0, T L*()). (3.38)
Consequently,
u=v+1 € C(0,T]; H*(Q)NC'([0,T]; L*(Q2)) (3.39)
C O([0, T]; L*()) N CH([0, T H2(€)). O
We now consider the nonhomogeneous boundary value problem (3.1) in the case where ¢ €
(HY(0,T; LAT)), i.e., ¢ = % with £ € L%(X). Therefore problem (3.1) now becomes
v’ + a(x)A%u+ qu =0 in Q,
uw(0) =u®,  u(0) = ul in Q,
ug = 0, % = % on X,
ov 0Ot (3.40)
Dy, O Ous >
Uy = U2, v 8V3A A on 2.,
alAul = U,QA’U,Q, aq v = a2 Uz on 21.
v v

14



This problem can be solved in a manner similar to the above. To this end, let (6° 0%, f) €
H*(Q,T1) x H3(Q) x LY(0,T; H3(Q) and 6 = 6(z,t) be the solution of

0" + a(x)A2%0 +qf = f in Q,
o(T) = 69, 0 (T) = o1 in €,
92 = % = O on E,
ov (3.41)

bg, OO .

AT DA e
a1A91 = GJQA@Q, aq ! = a2 2 on 21.

ov ov

Multiplying the first equation of (3.41) by u and formally integrating by parts over @, we obtain

/ Fudadt + (60°, 4/ (T)) — (6, u(T))
@ (3.42)

= (0(0), u) — ('(0), u®) — / GQ%AMZ.

P

Here and in the sequel (-,-) denote various dual products between a space and its dual such as
HZ(Q) and H~2(Q). On the other hand, in the sense of derivatives in (H*(0,7; L?(T"))’, we have

/ag%AHQdE: —/ angH’sz (343)
s Ot )

It therefore follows that
[ fudsds+ 601 - (6" ul))

@ (3.44)
= (0(0),u*) — (#(0),u") +/ a2EA04dY.
>
Set
L(6°, 6%, F) = (0(0), u") — (6/(0), u®) + / a5 A0, S, (3.45)
b

It follows from Theorem 1.4 and Lemma 2.3 that

| L(6°,6", F) | < [1000)]| 1.y e oy + 1 6°(0) Nzl w° |20
+ag || € 2y % || A0y ||L2(s)
<[l w® [|-2.0 +lu I @y + 1| € 2]
X [||90HH4(Q,F1)+ | 0" N2, + || £ ||L1(O,T;H§(Q))]'

(3.46)

This shows that L is a linear continuous functional on H*(,T'1) x H2(Q)x L(0,T; H3(Q)). Hence
there exists a u € L>(0,T; H=2(Q)) and (¢°,¢') € H72(Q) x (H*(Q,T4))" such that

(u, f) + (", 6°) + (=¢°,0") = L(6°, 0%, f). (3.47)
for all (69,0, f) € H*(Q,T1) x HZ(Q) x L(0,T; H3(). Moreover,
| wlloo,m:m—2(0)) + | P° 2,0 +||?/11H(H4(Q,P1))' (3.48)

<l u’ |—2,0 +||U1H(H4(Q,P1))’+ (RS ||L2(Z)]-

15



The above calculations lead to

Definition 3.6. The function w that satisfies (3.47) is said to be a ultraweak solution of the
problem (3.40), and °, 1! that satisfy (3.47) are defined to be values of u, u’ at T, respectively,
ie.,

uw(T) =4°,  /(T) =" (3.49)

Of course, we need to legitimatize the definition 3.6 a little bit. We do so in the case that ¢ is
independent of t. The following procedure is not applicable for the case that g depends on ¢. We
can arrive at this point by carefully choosing particular “test functions” 6°,6', and f. In doing so,
we introduce the eigenfunction w of a(z)A? + g:

a(z)A%w + qu = \w in Q,
8102
Wy = —— = on I,
Y w0 3.50
wy = Wa, e P e onI'y, (3.50)
ov aV(?A 5A
alAwl = (IQA’LUQ, al l = a w2 on Fl.
ov ov
We take
f=ht)w. (3.51)
Then
0 = p(t)w (3.52)
with
p” + Ap = h. (3.53)
Substituting (3.51) and (3.52) into (3.47), we obtain
T
/ (u, w)(p" + Ap) dt + (W', w)p(T) — (Y°, w)p'(T)
0 (3.54)
— (ulw)p(0) ~ (u,w)p'(0) + | oty Auwads,
o
Taking p(0) = p'(0) = p(T) = p'(T) = 0, we get
(u, w)" + Mu,w) = — / axé’ Awodl, (3.55)
r

where derivatives (u,w)” and £ are understood in the sense of duals (H? (0,7))" and (H*(0,7); L*(T))" i
respectively. It therefore follows from (3.54) that

(u, w)p[§ = (u, w)'pl§ + (@, w)p(T) — (¥°, w)p'(T)

= (u w}p(0) — (40, w)p'(0). (350
By taking p(0) # 0 and p/(0) = p(T) = p/(T) = 0, we get
(o 0) = (u, )’ (0). (3.57)
Likewise, we obtain
(0, 0) = (a0 (0), (00) = ) (T), (1) = ) (). (3.5%)
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Thus
u(0) =u’, W/(0)=u', w(T)=v° o (T)=1"

hold in the sense of (3.57) and (3.58).

In addition, as in the proof of Theorem 3.2, by a density argument, we can show that

u € C([0,T); H2()). (3.59)

So far we have proved the following.

Theorem 3.7. Suppose the boundaries I and Ty are of class C*. Assume ¢ € W1>°(0,T; W2>(Q)) ]
Then for all (u®,u!,&) € H=2(Q) x (H4(Q,T'1)) x L3(X), there exists a unique ultraweak solution
of (3.40) in the sense of the definition 3.6 with

ue C([0,T); H2(Q)), (3.60)

u(T) € H%(Q), u'(T) € (HY(Q,T1)). (3.61)

Moreover, there exists ¢ > 0 such that
I w | mm—2c0) + | ¥° l—2.0 +9 2 @r)y (3.62)

<[l v’ [ —2.0 +llu'll @@y + 1€ )

It is known from Lemmas 2.2 and 2.3 that Aug|z2(s) € L*(X) for the solutions u of (1.1) with
(u,ut, f) € H3 () x L*(Q) x L'(0,T; L*(Q)) and Aub|rzsy € LA(2) if (u®u', f) € HY(Q,T1) x
HZ(Q2) x LY(0,T; H3(Q)). We are now interested in the boundary regularity for the ultraweak
solutions of (1.1) with (u® ul, f) € L%(Q) x H=2(Q) x L*(0,T; L?(£2)). In this case the ultraweak
solutions of (1.1) are guaranteed by Corollary 3.3.

Lemma 3.8. Suppose the boundaries T' and I'y are of class C*. Assume g € W (0,T; W3>(Q))
Then there exist a constant ¢ > 0 such that for all ultraweak solutions of (1.1) with (u° ul, f) €
L2(Q) x H2(Q) x L*(0,T; L*(Q))

| Aus ||%I*1(O,T;L2(F))S clllut 2o + 11w’ 50+ f ||%2(0,T;L2(Q) - (3.63)

Proof. We introduce the solution e of

a(z)A?%e = —u! in £,
€y = % = on F7
Y e o (3.64)
e e .
€1 = ey, 8—1/1:8_1/2 onI'q,
8A61 8A62

a1A61 = (IQAGQ, ay = a2 on Fl.

ov ov

and set

w—/otu(s)ds—ke, F—/Otf(s,x)ds—FqG—/th(z,s)u(s)ds—|—q/0tu(s)ds, (3.65)
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where u is the solution of (1.1). It is easily verified that

w” + a(x)A%w +quw=F in Q,

w(0) =e, w(0)=1u in Q,
0

u}2 = —w2 = O on 27
ov

w] = w —8w1 = —8w2 on X

1 — w2, B - al/aA A 1,
alAwl = (IQA’LUQ, a1 il = a w2 on 21.
ov ov

Since (e,u’, F) € HZ(Q) x L2(2) x L*(0,T; L?*(€)), it follows from Lemma 2.2 that there exist a
constant ¢ > 0

J1aw Pz <cle o+ 1 Ba+ I F Baoraem)

<cllw! Pog+ 1 3o+ 1 f I3a.rcao)-

0
Here we have used the fact that a(x)A? is an isomorphism from HZ(Q) onto H~2({)). Because —

ot
is an isomorphism from L2(¥) onto H~1(0,7; L?(T")), we conclude

Aug = %(Awﬁ € H=1(0,T; L*(T)),

and

| Aus ||%{*1(0,T;L2(F))§ clllul 200+ 1w 50+l f ||%2(0,T;L2(Q) :

§4. Observability Inequality

The objective of this section is to establish a priori estimates (the observability inequalities),
which will permit us to obtain a uniqueness theorem and, a fortiori, theorems of exact controllability.
It will also give supplementary information on the space of controllable initial states.

We define the energy of the solution u of (1.1) by
1
E(u,t) = 5/[| W (@,1) 2 +a(z) | Au |P]dz. (4.1)
Q

Then

)

E(u,t) = E(u,0) —|—/O /Q(f — qu)u'dzxdt. (4.2)

Let A1 be the smallest eigenvalues of the operator A? with Dirichlet homogeneous boundary
conditions on L?(Q2) (see (1.6)). We introduce two constants

max{\; ", A2 , n=l1,
" {Al/g e -
1 ’ = 4,
2 HlaX{RQ(CCO),% , n=l1,
R.= {RQ(CCO), n>2. (44)
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Lemma 4.1. (The observability inequality) Suppose the boundary T' of € is of class C3.
Suppose there exists 20 € Q1 such that m(z)-v(z) > 0 on I'y, where v directs towards the exterior

of Q. Assume ay < ay and T > T(xg) = Ry ond

Vaz
2T — Rypna; /%)
go = max |g(x,t)] < “12 1 —1/42 -1 -1y (4.5)
(2.1)€Q TRA; a3 B + A7) + In— 2]\ Taz ']
If u is a weak solution of (1.1) with f =0, then
0
cE(u,0) < 22010 / | Aus |2 dY, (4.6)
2 2(29)
where
T[2 — qoln — 2)A7 agz ! — R A, %y A -
_ 2 —qoln —2|A{ "a, 490 1 ay (A )] —2R*u1a21/2- (4.7)

14 qoTA; Y ay'?

Proof. Tt suffices to prove (4.6) in the case of strong solutions, that is, we assume initial
conditions (u®,u') € H*(Q,T1) x HZ()) because we can pass to the limit in the case of weak
solutions.

Taking pr = my in Lemma 2.1, we obtain

l/ asmily | Ausg |2 dx
2 s
du(t)\|T r
_ !/
_(u (t),mk—azk )‘0 —|—2/0 E(t)dt
n—2 r2 9 / ou
+ 5 /Q( |u' | —a(z) | Vu | )dxdt—&- quku—azkdxdt (4.8)

62
+ /El alAulmkay—azk(uQ —up)dX

1
+ 5 mkuk(al | Aul |2 —as | AUQ |2)d2.
PN

On the other hand, multiplying the first equation of (1.1) by u and integrating over @, we obtain

T
(u’,u)’ —/ | u'|? —i—/ ai 3§u1u1d2_/ alAul%dE
0 Q >N v >N v

A
—I—/ ay | Auy [* dadt —/ aga u2u2d2+/ CLQAUQ%CZE
1 P37 ov p>A1 ov

+/ as | Aug |2dxdt+/q|u|2dmdt
2 Q

=0.

The transmission condition gives

wo.u),+ [

g | ul? dedt = / (| W 2 —a(z) | Au |2)d:cdt. (4.9)
Q Q
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Therefore, (4.8) becomes

1/ agmyvy, | Aug |? dX
2 s
ou(t) n—2 T T
(o
_(u (t) iy = + = u(t))‘ +2/0 B(t)dt

-9 ou
+ 2 /q|u |2dmdt+/ quua—dmdt (4.10)
Q

2 Tk
82
+ /El alAulm’“ay—axk(“? —uq)d¥

1
+3 myvi(ar | Auy [> —ag | Aug [*)dS
P
We now estimate the right hand of (4.10). First, by Cauchy-Schwarz’s inequality we have

(8, ou(t) L= 2u(t)
Oy, 2

< 2\/&/ | /() |* da (4.11)

4 as / ‘ ou(t 4
m
2R.\/azp1 Jq ouy, 2

Ju(t) n-—2 2
/Q‘mk B + 5 u(t)’ dx
Ou |2 (n —2)? 9
= —_— 4.12
/Q‘m’“axk’ dr + = /Q|u(t)| dz (4.12)

+ (n—2)(mk%,u(t)).

Moreover,

Since 5 ) 5
gu _ 2 9 2
(g u(®) = 3 /Qm,gazka ult) P)da

1 n
= mevi | ur(t) |2 dI‘——/ | uq(t) |2 dx
o

2 2
1“ . (4.13)
L R0 |2dF——/ L us(t) |? da
2 Ty 2 Qo
=5 [ Jut P aa.
2 Q
then by (1.7) and (1.9) we deduce
-9 2
u(t ‘ dx
/Q‘ 8:5;@ 2 ( )
= [ a ) d
t T
‘9‘”’“ (4.14)

7’L2
/ | u(t) [* da
Q

< R2(:c0)/ | Vu(t) |* do + 2
Ré [ | du(e) P da.
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Thus, (4.11) becomes

(0. 6;;2) o %@)‘ < %E(uﬁ), vt [0,7).

We then estimate the last two terms of (4.10). Since

%(%) :Vk%‘i‘ak(%) on X,
%(%) :Vk%—l-ak(%) on X,

8'&1 - 8U2 82 2 82
() =oe(Gr) gl —w) =vige—w) o,

(4.15)

where o) denote the first order tangential differential operators on 3; (see [10], Chapter 3, p.137),

we deduce o2
A —up)dX
/21 g 5oa (u2 — 1)
1
+ = mive(ar | Auy |2 —az | Aug |2)dE
2 Js,
(92’112 62
= /El alAulm-l/( 52 52 )dE
+5 [ muvk(ar | Auy [ —az | Aug *)dS
¥
= / arAuim - V(A'LLQ - Aul)dE
¥
1
+ B myvg (a1 | Aug |2 —ay | Aug |2)d2
¥
_almzan) [ A 2 ds
2(12 >N

>0

)

(4.16)

since a; > as and m-v > 0 on I'y. It therefore follows from (4.2), (4.10), (4.15) and (4.16) that

1
— / asmivy | Aug |* dE
2 )s
R
> 2 E (u,t)dt — [E( ,0) + E(u, T)]
qo'"_2|/ Bu, t)dt — 20T / E(u,t)d
A1a2 )\:1”/4

=(2—qoln — 2N\ tagt — RN, 3/4 ag )/ E(u,t)dt
0

T
— 2R*u1a;1/2E(u, 0) + R*ulaglm / / qu' dxdt
0 Q

T
> (2= ol — 207y = @R 0y G+ X7Y) [ B e
0

— 2R.piay ?E(u,0).

21
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Moreover, by (4.2) we have

/OTE(u,t)dt—TE(u,O)—/OT/Ot /Qqu(z,s)u/(x,s)dxdsdt

T
> TE(u,0) — qoTA; /2ay / E(u,t)dt,
0

which implies
T

T
E(u,t)dt >
/0 1+ qOTAfl/Qagl/Q

Combining (4.5), (4.17) and (4.18) gives (4.6).

E(u,0).

(4.18)

O

In order to relax the restrictions on T and ¢(z,t), we need the following unique theorems.

Theorem 4.2. Suppose there exists 2° € Q; such that m(z)-v(z) > 0 on 'y, where v directs
towards the exterior of Q1. Assume ag < ay. Let ¢ € Wh*(Q) be such that m(z) - Vg <0 on Q.

If
a(z)A%u+ q(z)u =0 in §,
uw(0) =u®,  u/(0) = ul in Q,
Uy = % = onT
2 — B — Y, )
U = Uu % = % onT
1 — w2, B — 8V8A A 1
alAul = G,QA’U,Q, ai L} = a2 Uz on Fl,
ov ov
Aus =0 on I'(z?),
then
u=0 in Q

0
Proof. Multiplying (4.19) by mka—u and integrating over €2, we obtain
T

ou ou
a(z)m —A2ud:c+/ my —udx = 0.
/Q () kafﬂk Qq kawk

It follows from (2.6) that

/a(x)mkﬂAzud:c:—l/agmkyk|AuQ|2dF+(2—ﬁ)/ a(z)|Aul*dx
Q 2Jr 27 Ja

(9£Ck
82
A — dl’
+ /Fl a1AUT Mg 8V(9.Z‘k (u2 ul)
1
+ B miv(ar | Auy |2 —az | Aug |*)dT.
Iy

Moreover, we have

ou n 1 dq
I dy = —2 2da — - 1y 2uds.
/quk(?zku x 5 /Qq|u| x 2/kaaxk|u| udx

On the other hand, Multiplying (4.19) by u and integrating over €2, we obtain
[ (@@laul + ghufyiz = o.
Q
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We then deduce from (4.21)-(4.24) that

1
O:——/ agmkyk|Au2|2dF+2/a(x)|Au|2dz——/mkﬂ|u|2ud:c
2 I (2°) [¢) 2 Q al'k

62
+ /Fl a1 Auimy, 500 (ug — uq)dl
1

+5 [ mei(an | Auy * —az | Aug [)dT.
Iy

which, by (4.16), implies (4.20) since m - v < 0 on I'x(z%) and m(x) - Vg <0 on Q. O

If —q is a constant and not an eigenvalue of a(r)A?, then the condition “Aug =0 on I'(z°)”
is not required. In addition, there are functions ¢ which satisfy the condition of Theorem 4.2, for
example, ¢ = ¢ ( a constant) and ¢ = —|z — 2°]2.

The following uniqueness theorem is an extension of a theorem of Zuazua (see [10], Appendix
1) to the case of transmission with lower-order terms.

Theorem 4.3. Suppose the boundary T of ) is of class C®. Suppose there exists z° €
such that m(z) - v(x) > 0 on I'1, where v directs towards the exterior of 1. Assume as < a1
and T > 0. Let either ¢ € L°(0,T;W1>°(Q)) be such that m(z) - Vq(x,to) < 0 on Q for some
to € [0,T) or ¢ € L*°(Q) be such that

2
Qo < —— - : (4.25)
R 203 B+ A7) + In = 2A ey
If
we X = C(0,T); BE(S) N CH([0,T; L)) (4.26)
is a solution of
'+ a(x)A%u+qu =0 in Q,
u2 = % = O on Z,
Y o o (4.27)
U U )
U = Uz, a—yl = a—;aA A on Xy,
a1Auy = asAus, aq o as 2 on X1,
ov ov
such that
Aus =0 on % (2°), (4.28)
then
u=20 in Q.
Proof. Set

Y ={ueX : usatisfies (4.27), (4.28)}

with the norm induced by X . It suffices to prove Y = {0}.
Because by (4.2) we have

T T
/ E(u,t)dt = TE(u,0) — / / / quu’dxdsdt
0 o Jo Jo

T
=TE(u,0) — %/0 /Qq(uQ(a:, t) — u?(x,0))dzdt,
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we deduce from (1.12) and (4.10) that

B(u,0) < c1 || Aug [[72(0)) +e2 [ 4 e 0,750 (o)

+(om et + TR |

< cr || Aug 1725 (00)) +c(e) | u ||%oo(o,T;Hé(Q)) +eE(u,0),

which implies
E(u,0) < c[|| Aus ||%2(2(10)) + [ w ||2Loo(o,T;H5(Q))]a (4.29)
for u € X satisfying (4.27).

On the other hand, we show there exists a constant ¢ > 0 such that
[ w ||2Loo(o,T;H5(Q))§ ol Auz |72(sgp0y) + Il v 70,2200 (4.30)

for u € X satisfying (4.27). In fact, if (4.30) is not true, there exists a sequence {u,} of solutions
of (4.27) with (4.26) such that

I Atz 72520y + Il tn Lo (0,7:22(0))— O (n = 00) (4.31)

and
| un [l (0,712 (2))= 1- (4.32)

It therefore follows from (4.29) and (1.12) that {u,} is bounded in X, and then relatively com-
pact in L>(0,T; H}(2)) because the injection: X — L°(0, T H&(Q)% is compact due to Simon’s
results [13]. By extracting a subsequence, we may as well assume {u,} converges strongly to « in
L>(0,T; H}(2)). Thus by (4.32) we obtain

| w | Los 0,313 (02)= 1. (4.33)
However, (4.31) implies
u=20 in Q.
This is in contradiction with (4.33).
By (4.29) and (4.30) we have
E(u,0) < e[| Aug [[F2(nz0y) + I @ |7 0.7 02(02))] (4.34)

for u € X satisfying (4.27). By the argument of density, (4.34) still holds for u € L>(0,T; L*(Q))
satisfying (4.27).

We observe if u € Y then v = v/ satisfies (4.27) and (4.28), and v € L>=(0,T; L*(Q2)). Hence
by (4.34) we deduce that

(v(0),0'(0)) € H§ () x L*(9),
and then by (1.12) we deduce v € X . It therefore follows that

u — v is a continuous operator from Y to Y, (4.35)

d
since by (4.34) T Y — Y maps a bounded subset of Y into a bounded subset of Y. Moreover,
the injection {u €Y : v’ € Y} =Y is compact. Thus we deduce that the dimension of Y is finite.

Suppose Y # {0}. Then by complexifying Y, it follows from (4.35) that there exists A € C
and v € Y — {0} such that

u = du.
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This implies

u(z,t) = eMu(x,0). (4.36)
Since
Aus(x,0) =0 on T'(z?), (4.37)
it follows from (4.36) that
Aus(z,t) =0 on T'(z%) x (o0, +00). (4.38)

On the other hand, if ¢ € L>°(Q) such that (4.25) holds, then we can find Ty > R*ulagl/z such
that

2(T0 — R*Mlagl/Q)
To[R AT 205 Bur + A7) + In — 2|7 ey ']

q0 <

Then by Lemma 4.1 we deduce
u=0 in Q. (4.39)

If ¢ € L°(0,T;Wh>°(Q)) satisfying m(z) - Vg(z,t9) < 0 on Q for some to € [0,7], then we
substitute (4.36) into (4.27) and we obtain

a(z)A2%u(z,0) + (q(z,to) + A)u(z,0) =0 in Q,
Ousa(z,0
uz(z,0) = % :80, o ) on I,
B ui(2,0)  Oua(w,
ui(x,0) = uz(x,0), £ —(?A ey ) s ; on I'y,
a1Auy(z,0) = agAuy(z,0), a; w(z,0) = as ua (@, 0) onI'y,
ov ov
Aus(x,0) =0 on I'(z?).
By Lemma 4.2, we also have (4.39). This is in contradiction with v € Y — {0}. m|

Using Theorem 4.3, we prove

Lemma 4.4. (The observability inequality) Suppose the boundary T' of §) is of class C® and
the boundary I’y of Qy is of class C*. Suppose there exists z° € € such that m(x)-v(x) >0 on I'y,
where v directs towards the exterior of 1. Assume az < a; and T > 0. Let g € L>(0,T; W1°°(Q))
be such that m(z)-Vq(z,ty) <0 on Q for some tg € [0,T] or ¢ € L>°(Q) be such that (4.25) holds.
Then there is ¢ > 0 such that for all weak solutions u of (1.1) with f =0 we have

E(0) < c/ | Auy |* d. (4.40)
3(z0)

Proof. By (4.29), there exists a constant ¢ > 0 such that

E(u,0) < (|

| Ausy H%2(E(mo)) + |l w ”%oo(o,T;Hé(Q))] (4.41)

for solutions u of (1.1) with f =0.

Furthermore, we show there exists a constant ¢ > 0 such that
| w oo, )< || Aug [ L2(s20)) (4.42)

for solutions w of (1.1) with f = 0. In fact, if (4.42) is not true, there exists a sequence {u,} of
solutions of (1.1) with f =0 such that

|| AunQ HL2(Z(w0))_’ 0 (TL — OO) (443)
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and
| wn (Lo (0,112 ()= 1- (4.44)

It therefore follows from (4.41) and (1.12) that {u,} is bounded in C([0, T]; HZ(2))NCL([0,T]; L2(2))
and then relatively compact in L°°(0,7T; H}(Q2)) because the injection

C([0,T]; H3 () N C([0, T]; L*(€)) — L>(0, T Hy ()

is compact due to Simon’s results [13]. By extracting a subsequence, we may as well assume {u,,}
converges strongly to u in L°°(0,7; Hi(Q)). Thus by (4.44) we obtain

| w | Lo 0,313 (02)= 1. (4.45)

In addition, {u,} and {u/} converge to u star-weakly in L>°(0,T; HZ(2)) and L°(0,T;L?(f2)),
respectively. Thus u is a solution of (1.1) with

C([0, T]; H3 () N ([0, TT; L*(2)).
By (4.41), we have
E(up — um,0) < || Aunz — Ao H%2(2(10)) + [l un — tm H%OO(O,T;H&(Q))L

which gives
E(un —u,0) < cf|| Aunz | Za(sooy) + | tn = w |7 0,7, ) (4.46)
By (2.7), we have
| Atpz — Aug H%z(z(mo))g cE(uy — u,0). (4.47)

It therefore follows from (4.43), (4.46) and (4.47) that
Aus =0 on (z?).
By Theorem 4.3 we deduce
u=0 in Q. (4.48)
This is in contradiction with (4.45).
Finally, (4.40) follows from (4.41) and (4.42). m|

Lemma 4.5. (The observability inequality) In addition to all assumptions of Lemma 4.4,

suppose the boundary T' of  is of class C* and q is independent of t with ¢ € W?2°°(Q). Then
there is ¢ > 0 such that for all strong solutions u of (1.1) with f =0 we have

[ @r+ et 150 0/ (| Auj [? + | Aug |?)dS. (4.49)

(20)

Proof. Set w =u'. Then w satisfies

w” 4+ a(x)A%w + quw =0 in Q,
w(0) =ul, w(0)=—a(x)A%u’ —qu® in Q,
w2

wy =—— =0 on X,

Rz (4.50)
Wi — w 8w1 - (9’11}2 on 3

N aV(?A oA L
alAwl = (IQA’LUQ, a1 il = a W2 on 21.

ov ov

26



It therefore follows from Lemma 4.4 that
/ | Al |2d2:/ | Aws |? d¥
(z9) (29) (4.51)
> c[lad®u[I§ — qollu®[I3+ || w' 113 0],

which, by Lemma 4.4, gives (4.49). O
If ¢ =0, then (4.49) becomes

e st 6 o< c [

3S(x

., | Auly |2 dX.

Lemma 4.6. (The observability inequality) In addition to all assumptions of Lemma 4.4,
suppose the boundary T' of Q is of class C* and q is independent of t with ¢ € W%°°(Q). Let q

be such that a(x)A?% + ¢ is an isomorphism from HZ(Q) onto H~%(Q). Then there is ¢ > 0 such
that for all ultraweak solutions u of (1.1) with f =0 we have

| Aus [l 0.mz2c@on = e[l 6! 20 + | w0 llo.a]- (4.52)

Proof. Let e be the solution of

a(z)A%e + ge = —ut! in
0
ey = % =0 on I,
- 861 - 862
€1 = €2, o ov on I'y,

alAel = agAeg, aq 6A€1 = az 6A62

ov ov

on Iy,

and set .
w = / u(s)ds + e,
0

where u is the solution of (1.1) with f = 0. It is easily verified that

w” + a(x)A%w +quw =0 in Q,
w(0) =e, w'(0)=1u in Q,
Wy = —8UJ2 = O on 27
ov
wp =W _Bwl = _ng on X
1 — w2, B - 8V8A A 1,
alAwl = (IQA’LUQ, a1 il = a W2 on 21.

ov ov

Since (e,u") € HZ(Q) x L3(2), It follows from Lemma 4.4 that there exists a constant ¢ > 0

[ P amsclle o+ 1]

(4.53)
> e[l u [P + 11 3 q)-
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Here we have used the fact that a(z)A? + ¢ is an isomorphism from HZ () onto H~2(f2). Because

0
— is an isomorphism from L?(X) onto H~1(0,T; L*T)), we conclude

ot
9 -1 2
Auy = = (Aws) € H™H0,T; LA(T)), (4.54)
and
| Auws Nl 0.zz2ay= [l 2.0+ | 6 log)- O

§5. Exact Controllability
We are now ready to present main theorems of this paper.

Theorem 5.1. Suppose the boundary T of € is of class C®. Suppose there exists x° €
such that m(z) - v(x) > 0 on I't, where v directs towards the exterior of 1. Assume as < a1
and T > 0. Let either ¢ € L®(0,T;W1>°(Q)) be such that m(z) - Vq(x,to) < 0 on Q for some
to € [0,T) or ¢ € L*>°(Q) be such that

2

qo < — — . (5.1)
R 205 B 427 + In = 27 ey
Then for all initial states (y°,y') € L*(Q) x H=2(L2), there exists a control
¢ € L*(X) with ¢ =0 on ¥, (z°) (5.2)
driving system (0.1) to rest.
Proof. We apply HUM. We first consider the problem:
u’ + a(x)A%u+qu =0 in Q,
w(0) =u’ W/ (0) = ul in €,
Uy = L on X,
ov (5.3)
U =1u % = % on X
1 — w2, B - al/aA A 1,
a1Auy = asAus, aq o as Y2 on Xj.
ov v
For any (u,u') € HZ(Q) x L*(Q), problem (5.3) has a unique solution u with
Auy € LA(X), (5.4)
because of Theorem 1.4 and Lemma 2.2.
Using the solution u of (5.3), we then consider the backward problem:
V" +a(x)A%v+qu =0 in Q,
o(T)=v'(T)=0 in Q,
vg =0, on X,
Oz [ Aug on %(z9),
o |0 on X, (z), (5.5)
v =V v _ vz on X
1 — 02, O - 8V8A A 1,
alAvl = (IQA’UQ, ay il = a2 b2 on 21.
ov ov
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It follows from Theorem 3.2 that problem (5.5) has a unique ultraweak solution v with
v € C([0,T]; L*(Q)) x C'([0,T); H*()). (5.6)
We then define a linear operator A by
A, ut) = (v/(0), —v(0)). (5.7)

Multiplying the first equation of (5.3) by v and integrating over @, we find
(A(u®,ub), (u®,uh)) = (V' (0),u’) — / v(0)u' dx
Q

:/ a9 | AUQ |2 dX.
3(x0)

It therefore follows from Lemma 2.2, Lemma 4.4, and the Lax-Milgram Theorem that A is an
isomorphism from HZ(Q2) x L?(Q) onto H2(Q) x L?*(Q). This means that for all (y',—y%) €
H=2(Q) x L?(Q), the equation

A’ ut) = (v —y") (5.9)

has a unique solution (u°,u!'). With this initial condition we solve Problem (5.3), and then solve
Problem (5.5). Then we have found a control

[ Auy on X(20),
¢ = { 0 on X, (z9), (5.10)
such that
y(z,t;¢) = vz, t;9) (5.11)
is the solution of (0.1) satisfying
y(@,T5¢) =y'(x,T;¢) =0 in Q. (5.12)
This completes the proof. O

Based on Lemma 2.3 and Lemma 4.5, we obtain

Theorem 5.2. Suppsoe all assumptions of Lemma 4.5 holds. Then for all initial states
(v°,y") € H72(Q) x (H*(Q, 1)), (5.13)

there exists a control
¢ € (H'(0,T; L*(T(2))))’ (5.14)

driving system (0.1) to rest.
Proof. The proof is the same as the one of Theorem 5.1 except that HZ () x L(Q) is replaced
by H*(Q,T1) x H(Q) and Aus in (5.5) by —%(Aué) + Aug. At this time, we get a control

0
0 on X, (x?).

Based on Lemma 3.8 and Lemma 4.6, we obtain

Theorem 5.3. Suppsoe all assumptions of Lemma 4.6 holds. Then for all initial states
(v".y') € H3(Q) x L*(Q), (5.16)
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there exists a control

¢ € Hy(0,T; L*(T(z%))) (5.17)

driving system (0.1) to rest.

Proof. The proof is the same as the one of Theorem 5.1 except that H3(2) x L?(€2) is replaced
by L3(Q) x H=2(Q) and Ausy in (5.5) by v, where v € H}(0,T; L*(T'(2°))) is such that

(Aug, ) =] Aug | F-10/7L2(r(@0))) - (5.18)
At this time, we get a control
= {07 on X, (z). H
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