Univ ersity of Central Ark ansas
Photons and Phonons

Stephen R. Addison

Directory

2 Table of Contents
2 Begin Atrticle

Copyright ¢ 2001 saddison@mailaps.org
Last Revision Date: March 27, 2001

Version 1.01


mailto:saddison@mailaps.org

Table of Contents

1. Photons
1.1. Blac kb ody Radiation
1.2. The Partition Function for Photons
1.3. Mean Occupation Num ber
1.4. The Prop erties of Blac kb ody Radiation
1.5. Total Energy Densit y of Blac kb ody Radiation
1.6. Photon Entrop y
1.7. Radiation Pressure
2. Phonons
2.1. The heat capacity of solids
2.2. The quantum mechanical harmonic oscillator
2 The partition function for a single oscillator 2 Helmholtz
Free energy of an oscillator 2 Averageoscillator energy
3. The Einstein Mo del (1907)
3.1. High Temp erature Limit
3.2. Low temp erature limit



Table of Contents (cont.)

3.3. Summary
4. The Debye Mo del, 1912
4.1. The Debye Approac h
4.2. The Densit y of Mo des
4.3. Densit y of Mo des and the Debye Mo del
2 Evaluation of the Debye Integral
4.4, The Debye Mo del at Low Temp erture

Toc JJ Il J | Back J Doc Docl



Section 1: Photons 4

1. Photons

1.1. Blackbody Radiation

All objects emit electromagneticradiation, the peak wavelength is a
function of temperature. In most casegshe radiation is not in thermal
equilibrium with matter. Consider an opaque enclosurewhosewalls
are maintained at a constart temperature T. The radiation and walls
will reach thermal equilibrium and the radiation will have de nite
properties.

To study the properties of this equilibrium radiation we canimag-
ine cutting a small hole in the enclosure. If the holeis small enough, it
will not disturb the radiation in the cavity. Radiation will be emitted
through the hole and this radiation will have the sameproperties as
the cavity radiation. This radiation will alsohave the sameproperties
as the radiation emitted by a perfectly black body at the sametem-
perature as the enclosureT. Why? A perfectly black body absorbs
all radiation falling on it { the hole behavesin the sameway { all
incident radiation will enter the hole.
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Section 1: Photons 5

Thus, the terms cavity radiation and blackbody radiation are syn-
onymous. We will analyzethe situation by treating blackbody radia-
tion asa gasof photons.

1.2. The Partition Function for Photons

Photons are particles of spin one and are bosons,we calculate their
properties without making use of this fact. We will do this for now.
We know that we can superimpose electric and magnetic elds, in
other words they obey the principle of linear superposition. This
meansthat photons do not interact, and we can treat them as an
ideal gas.

The thermal equilibrium betweenthe cavity radiation and the cav-
ity walls is produced by the continuous emissionand absorption of
photons by the atoms of the cavity walls. This meansthat the num-
ber of photons in the cavity is not constart | instead, it °uctuates

Toc JJ Il J | Back J Doc Docl



Section 1: Photons 6

about a mean value that depenci(son T.

Z - ei “Er
r

where E, is the energy of the rt" ;s(tate. We can write that
Er= n3
i
where the occupation numbersaren; = 0;1;2;::: for all i. So

X X
Z= exp i n;?;
NyN2; i
There is no constraint on the total number of photons, this means
that ead of the occupation numbersassumesll possiblevaluesinde-
pendertly of the others, sorather than Z(T;V;N) w)e have Z(T;V)

XN X X

Z= T exp n;2
n1=0 ny=0 i
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X X X _ _ _
Z-= i@ Mfig nefag Nefann
A ni1=0 n,=0 | A | A |
X _ X _ ' X 7
Z-= g M @ Nz oo g Mo
ni na nj
and sowe write this as 0 1
¥ X _
Z = @ e M 5 A :
j=1  n;

Let's examine a single term of this equation. That is consider

x
e Ni%
n; =0
n; takeson the values0;1;2;:::;1 , sowe can expand it as
X P 2 P2 272 372
e MWi=1+é T+ 43N+
nj:O
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Section 1: Photons 8

Now, if welet x = e °, and we seethat we have the geometricseries

1+ x+x2+x3+

Now 1
1+ x+ X2+ x3+ 111 = if x< 1

1 X
=2 1
X = ¢ = =
e ‘i

(Convince yourselesthat this holds, you might use?; = ~!I'.) Sowe
can rewrite our photon partition function as
¥ 1
th (T,V) = m

j=1
In principle this givesusall the physics. To make any further progress,

we needto calculate the mean occupation number, we know how to
do this, but we haven't actually made the calculation.
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1.3. Mean Occupation Num ber
B P i 2 2
;i = r nie = = ni;nop;i n;e (n121+n; 2+---).
i Z >

Now consider X

n;e T(ng21+np2+ )
we useit and
¥ 1
Zpn(T; V) = T
j=1
to evaluate
mi i:
To dewelop the result, it is useful to start from the rst step of our
calculation of the partition function for photons
X X
zZ = exp j niZ

ni;ny; i
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X _
= g (i1t n22+ng2a+ ).
ninz
Now " q
X
i i @ = i_@ g T(n121+ np2y+ ng2g+ )
@i 2 @i niy;na;:
X

(I _ni)ei T(n121+ N2+ N33+ )

ni;ng;
i (N121+nNn22;+n323+ ).
nié (N121+ 225+ N325+110).

X

NNzt
And sowe can v%rite
1 Ma 1 X
| — — - = niei T(n121+ N2+ N33+ ) - ni:
Z @ T2 Z nyngi:

]
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Section 1: Photons 11

Where the equivalenceis obvious from our starting point. Thus we

have the result
(TR | M 1
miz: + @ _.1 @nz
I : _Z @i 2 b= @i 2
At this point we can usethe product form for our photon partition
function
¥ 1
Zpn = T o
i=1 1j e 7
¥ 1
In th = In T - =
= 1j e 7
hs

(In1j In(Lj & 7))

= i In@@jée )
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izt @nz'
I b= @i _Yzj
S0
b3
I‘n.l—.ig In(Lj & )
@ . _
j=1
we can rewrite this as
mii = i—@ln(li e )
i
as all the other terms would not cortribute to the result. Thus,
. (L ej )it -2
mji = ——— 1j !
i @I( | )
g 1
m:i = =
e Ten 1

This is the Planck distribution function. It gives us average photon
occupancies.
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1.4. The Prop erties of Blackbody Radiation

The energy of a photon is E = h° = ~I . We know that the density
of states fuunction in k-spaceis
Vk2dk
2Y%
number of states betweenk and dk:

f (k)dk

When we are dealing with photons, we needto multiply the density of
states function by 2 becausethe electromagnetic eld hastwo polar-
izations. First, we'll 'nd the numbersof statesbetween! and! + dw.

Usingk = 2¥&,,! = 242, andc= ,° , wehavek = ! =cand
V!I2 dk
| | = — — d!:
f(!)d! 223 d dl:
Now ¢ = !'=k and vq = 9 and we rewrite the density of states
function as e
f()d = ———:
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Section 1: Photons 14

For a non-dispersive medium (i.e. onein which c6 c(! ), vq = ¢, and
V! 2d!
| | = — -
f(!)d! RS
and nally multiplying by 2 aswe are dealing with photons, we arrive

at -

Now, let the number of photons with frequencybetween! and! + d!
be dN, where we can write

dN, = hnyif (! )d!
Let the energyin the frequencyrange between! and! + d! bedE, ,
then
dE! = ~l le
v~ 13
At e ™ i 1
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Section 1: Photons 15

The density of statesf (! )d! dependsonly on the sizeof the cortainer.
This meansthat the photon density and the energy density in the
cavity are uniform. Sowe write
dE, _ ~1 3d!
VR ZISICEE)

=u(!;T)d!;

where
u(';T)

energy/unit volume/unit frequencyrange

spectral density
~I 3
This is the Planck radiation law. A plot of u(! ; T) against (usually
inverse)wavelengthwould show a di®erent peakfor eath temperature.
So for every temperature there is a unique frequency that is the
peak emissionfrequency At 6000K, the peaklies at the edgeof the
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Section 1: Photons 16

visible spectrum. Starting from
~13
1T >4
utin = Zee T D
we can nd the frequencyof peak emissionby calculating the deriva-
tive

@(' ) _
a0
SO @~
- ! il
@ %C’s(e i )'"=0
~2 | i1 ~!3_ T~ i 24 ~! T =
%C’S(e i 1) + %é(l 1)(e 1 1) e ~=0
3|2_ |Sei~' -~
' eil
3e™tj1="~e™
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Section 1: Photons 17

Now, let x = ~~!, and note that ! = ! 5, we are locating the
maximum. Thus rewriting, we get
3 1) = xe*:

To nd the value of x satisfying this equation, we can use numerical
or graphical methods.
What value of x satis es
3(€i 1) _ .
ex
One way to approad this is to guessan answer and iterate, let's try
it with an initial guessof x = 3: Then we nd

% = 2:8506 this becomesour new guess
= 2:8266
= 28824
= 2:822
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Section 1: Photons 18

Thus, our result is X = ~~ o = 2:822 or Zme = 2:822 This
is the Wien displacement law. You can useit to estimate surface
temperature from peak emissionwavelength. It is usedto estimate
the surfacetemperatures of stars.

1.5. Total Energy Density of Blac kb ody Radiation

E A
u(m) = v = u(;T)d!
0
2 3
U(T) 1/4’&(8 i 1)d
0
Let x =" ~!,sodx = " ~d!, then
VA
U(T) = 1 i x>dx

BE( ) ~ &1
0
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Section 1: Photons 19

where
x3dx = %' a simple contour integral
e 1 15 P g
0
leading to
2k4T* E 4.
UM = feez =y = aT™

This is the Stefan-Boltzmannlaw, where¥s= %a isthe Stefan-Boltzmann
constart.

1.6. Photon Entropy
E _ YAk4TH
VT 153~3
dE = TdSj pdV + 1dN
Let E;V be constart sothat dE = TdS, then
E- YEKAT 4
15c3~3
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Section 1: Photons 20

e 4y

@ ViN S 15 33
so, provided N; V are constarts, we can write
4 YZKAVTS
15 B3-3
dE _ 4 YRK*VT?
T 15 ~3

= i@f'ﬂcﬂ'
15 ¢3-3

4 H_Ts

S= —12k*V — + constarn.
45" c~

Now, aswe have previously noted, by the strong form of the third law
of thermodynamics, limy, ¢S = 0 resulting in
4 H_ T3

T
= T4y b
S 45/4kV ~

dE =

ds = aT
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Section 1: Photons 21

From this, we can conclude that a processcarried out at constan
ertropy (called an isentropic processis onefor which VT2 = constart.

1.7. Radiation Pressure

For an ideal gasof N particles, ead of massm, we can write
1 .
pV = §N mhv?i
where .
tv?iZ = r.m.s. velocity of the particles
Now, if welet Nm = M be the massof the gas,then
1M

= évh:zi:

Now for a photon gaswhere all the particles have the samevelocity
Cl

for a photon gas.
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Section 2: Phonons 22

2. Phonons

The energyof elastic wavesis quartized { just asthe energyof electro-
magneticwavesin a cavity is quantized. When wetalk about phonons,
we are talking about the allowed vibrational modesin solids. The en-
ergies of these lattice vibrations are quartized becauseonly certain
modes of vibration are allowed. Thus, we can treat elastic vibrations
in solids as particles or waves. The energyin a vibrational mode can
be treated asa quantum medanical oscillator of the samefrequency
We can dewelop our treatment basedon the properties of quantum
mechanical oscillators. Ultimately, we shall calculate heat capacities
| before embarking on those calculations, let's look at the heat ca-
pacity of solids.
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2.1. The heat capacity of solids

When we transfer an amount of heat 4 Q to raise the temperature of
a material by 4 T, we de ne the heat capacity of the material as

. 4Q _
AT T
or 0
[
€=
Then using
dE = TdS i pdV whereTdS = dQ;
we have
VO | M 1
@ @&
Ch,=T — ,;dv=0,so0Cy,= — :
v a . v a .

We will now investigate the cortributions of crystal lattice vibrations
to the heat capacity of solids. By the heat capacity, we shall usu-
ally mean the heat capacity at constart volume. Let's review the
properties of a represenativ e solid.
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2 At room temperature, in most cases,the value of the heat ca-
pacity is 3Nk = 3R per mole= 25 J mol' 'deg ®. This result,
derived from data is called the Dulong and Petit law. While
derived from data, it can be \justi ed."

Consider a crystal consisting of N identical atoms. Each atom
is bound to its equilibrium position by forcesthat we can model
using springs. (We introduce the principle of equipartition as
an axiom here, but should note that it can be deducedfrom sta-
tistical mechanics.) The equipartition theorem says that eadh
velocity componert (linear or angular) has an averageenergy of
kT=2 per molecule assaiated with it. The number of velocity
componerts neededto describe the motion is called the num-
ber of degrees of freedom. A monatomic gas has 3 degreesof
freedom. SOE = 2kT per moleculeor 3R per mole.

Now considera solid, ead atom vibrates about an equilibrium
position. By the equipartition theorem, each atom should have
an averagekinetic energy of "TT for eadh of its three vibrational
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Section 2: Phonons 25

degreesof freedom. In addition, ead atom has potential en-
ergy assaiated with elastic deformation. For simple harmonic
motion, the instantaneous oscillator energyis

1 1
E = Zmv?+ =kx?
2 2

and the averagekinetic energyis equalto the averagepotential
energy In a crystal lattice, eadh atom is essetially a three-
dimensional harmonic oscillator. Provided that the springs are
Hooke's law springs, it can be shavn that:

KKEi = PPEi = ng

S0
hEi = 3KT
For N atoms
hEi = 3NKT
and TR |
C, = @ = 3Nk = 3Rmole
a ,
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this is the Dulong and Petit law.

2 At lower temperatures the heat capacity drops markedly and
approacheszeroas T2 in insulators and as T in conductors.

2 In magnetic material, there is a large cortribution to the heat
capacity over the range of temperatures at which the magnetic
momerts becomeordered. Why? A changein order) achange

in ertropy. We know that we can write
M

Ch= —
Vv @- y
Soa changein erntropy cortributes to a changein heat capacity.
Below 0:1 K the ordering of nuclear magnetic momerts can give
rise to very large heat capacities.
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2.2. The quantum mechanical harmonic oscillator

For such an oscillator we write

1

"= S+§ ~l s=012:::

~l =2 is called the zero point energy (zpe), we will often set it to
zero since it doesn't a®ectthe heat capacity. If a mode is excite to
a quantum number s, we sg that there are s phononsin the mode.
If Hooke's law is applicable, the normal modes of vibration of lattice
atoms are independert. The averageenergyof a lattice mode depends
only on its frequency! and the number of phononsin the mode s.

2 The partition function for a single oscillator

X " 1
Z = ei r=kT - e, (s+ 3)~! =kT

r s=0
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Section 2: Phonons 28

let ~! =kT = x then
X . X
Z= e@®*x=di @
P
The sumis of thgsform  y* wherey = e ™ =T, if y < 1 we have a

geometricseries, = gl;. So

a x=2 a ~1 =2kT

Z= 1 eix: 1i e ~! =kT

We can usethis result to calculate a variety of properties.

2 Helmholtz Free energy of an oscillator

~I
F=ikTinZ=—+kTin(i ™)

2 Av erage oscillator energy

FEi = | —@éz
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ei_~!=2
Z= —————+
lj e ™
- B
InZ = —2' i Inli € )
o)
: @nz
FEEi = | ——
'@
~! @ —
= —+ —=In(1j & ~
>t @ nie )
— ~! 1l ai !
- 2718 1 °
~! ~!
= oy
2 etij1
Now, comparing this with E = (s+ 1=2)~! , we seethat we can write
H
1
E= msi+ = ~I
' 2
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Section 3: The Einstein Model (1907) 30

where
1

hsi = (T!TTil:
We can interpret this asthe averageoccupancy of a photon mode ! .
As we have already seen(when we derivedit directly for photons) this
is the Planck distribution.

3. The Einstein Mo del (1907)

This wasthe rst application of quantum theory to solid state physics.
In this model, we treat the system as N oscillators connected by
springs in one dimension. Einstein assumedthat all the oscillators
oscillate with a common frequency
The averagethermal energy of an oscillator of frequency! is
~I ~I
E - + -
2  e!t=kT; 1
for N oscillators in one dimension, the averagethermal energyis
E = Nhsi~! ; ignoring the ZPE.
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Section 3: The Einstein Model (1907) 31

Then using
N~!
E = e”! =kT i 1
and TR |
- @
a .,
We nd
C, = N~ @@[e‘! *Tgoqpt
H 1
= NSO A e T
kT2

H T2 ol =kT
This is for the one-dimensionalEinstein solid. In three dimsnsions,
we replace N ny 3N, since ead atom has three degreesof freedom

N k
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Section 3: The Einstein Model (1907) 32

and we nd
H - T2 ! =kT
Chy=3Nk — ———=:
Y KT (e =kT; 1)2
How good is this expression?Let x = ~! =kT, then
x2e
CV - 3N km,

we can then examinethe behavior of this expressionat high and low
temperature.

3.1. High Temperature Limit
At high temperatures,

X = ﬁ e 1
solet's examinethe term (e;‘iel)z asx! O.
Let ) s
X X
e =1+x+ 5 + 3 +

Toc JJ Il J | Back J Doc Docl



Section 3: The Einstein Model (1907) 33

sowe have i .
XP(L+ X+ 5+ X5+ 0

2 3
(x+ 5+ %+ :10)2

This obviously goesto 1 asx ! 0. This yields the classicalresult of
Dulong and Petit, C, = 3Nk:

3.2. Low temp erature limit

In the low temperature limit, x A 1, e A 1so
(VI [
~I

= 3Nk——— " 3Nkx?e = 3Nk — & ' T:
CV3(exi1)23xe?‘3 kTe

In this expression,C, ! 0OasT ! 0 asrequired. (The exponertial
always wins.)

3.3. Summary

Thus, in the Einstein model, the high temperature behavior is good,
the behavior at T = 0 is good, the low temperature behavior is not
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Section 4: The Debye Model, 1912 34

very good. While we measurethat C, / T2, but in this expressionat
low temperature C, / € ' =T,
It is customaryto intro ducethe Einstein temperature £ g, through

_~ Eg
S T
and we call ! = !¢ the Einstein frequency If T A £g; C, =

3N k. Einstein temperatures are properties of the material and are
tabulated. If T ¢ £g we are in the low temperature regime. This
model is so simple, it is surprising that it works at all.

4. The Debye Mo del, 1912

This model is similar to the Einstein model in that we considera lat-
tice consistingof N atoms, the systemhaving 3N degreesof freedom
corresponding to the 3N coordinates required to specify the positions
of the atoms.

The atoms execute complex, coupled motions; the oscillations of
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Section 4: The Debye Model, 1912 35

such a systemcanbe described in terms of the 3N normal modesof vi-
bration of the system. Each mode hasits own characteristic frequency
;o g an s The lattice vibrations are then equivalert to 3N
If we knew the frequencies,we could immediately solve the problem.
We have shown that the averageenergy of an oscillator is given by

o o
Wil = =+ = 1

The averageenergy of the 3N equivalert oscillators is then

i=1
The calculation was taken this far by Biot and von Karman, also in
1912. Sincewe don't know the frequencies,we use Debye's approad.
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Section 4: The Debye Model, 1912 36

4.1. The Debye Approac h

Treat the solid asa continuum. We can then considerstanding waves
in the sold. We will count the standing waves using the denisty of
modes calculation. It could also be done with the density of states
calculation.

4.2. The Density of Mo des

As in the density of states, we consider a cube of side L, a three
dimensional standing eleg:tromagnetigwave is sp%ci_ed by
nYx . nYy . n%z
sin sin
L L L

Ex = Exosin
where
Ny;Ny;N; = 1,2,3;:::
and similar expressionsexist for the y and z componerts of the "eld.
The solutions vanish at

X;y;z= 0;L:
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Section 4: The Debye Model, 1912 37

If the n; were zero there would be no wave. Consider light, for any
given triplet n;, there are two polarizations, and on substituting into
the wave equation

e, e, @' _ @k
P =+ — Ex =
@2 @2 @2 @2
where c is the velocity of light, we nd
FYE(nZ + ni+n2)=12L%
This determinesthe frequency of the mode in terms of the triplet of
integersny; ny; andn,. De ning
(n? + n + n2)2,
and the frequenciesare given by
7

Ly = ——

o
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Section 4: The Debye Model, 1912 38

For cavity radiation, we could use this to write the total energy of
photonsin a cavity as
X X ~l
E = H'ii =

e“! n=kT 1.
n n |

This sum is taken over all positive triplets ny;ny;n;, as positive in-
tegersare suxcient to describe all the independert standing modes.
We can replace the sum over ny;ny;n, by an integral over the
volume elemen dny,dnydn; in the mode index space.In other words,
we can write

X 1 2

n (::) = 3
0

If we were making the calculation for photons, we would multiply
by two to deal with the two polarizations. We could complete the
calculation to 'nd the energy density of electromagnetic radiation.
(The factor 1=8 restricts usto the positive octant of mode index space,
this is similar to our density of states calculation.) In this instance

4yn2dn(::2):
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Section 4: The Debye Model, 1912 39

we are interested in phonons.

For elastic waves,there are three possiblepolarizations, two trans-
verse and one longitudinal. Thus for elastic modes, the sum of a
guantit y over all modesis given by:

X 3
()= 5 4yn2dn(::2);
n

where the de nition of n is identical to the one arising from photons.

4.3. Density of Mo des and the Debye Mo del

In the Debye model, there are are 3N allowed modes. Thus, we want
to 'nd np suc that the total number of modesis 3N. We 'nd this
by evaluating:
Zo
4Yn%dn = 3N
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So 3 HoaTno
— A% — =
84/4 3, 3N
and K 6N T1=3
nNp = .

Y
The averageenergy of an oscillator is

~ ~I
Eiz —+ ——
! 2 ' =T 1

Now omitting the zero point energy (it doesn't a®ectC,),

X H X -~
E = = _—
. n gln=kT ; 1
and
Zo |
— 2 ~n .
E = 49n dne~! T
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2 Evaluation of the Debye Integral
Now ! , = ™€ and we rewrite the energyintegral as
Zo
_ 3 2 nYc 1 .
E - é 41/4’1 dn"‘T—e__n%C:LkT I l
0
Transforming the integral to one over a dimensionlessvariable by
_ Yrcn, _ Yacnp

T kT P T kT

we have
G LKTx LKt
T Ypc T Yo
Therefore,
g T
3 — 3
ndn = Ve x°dx
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and

Zo
1/~
c . 3 /ch(ngdn) 1

2 eil

§ZD 1/:?~(:”LkT‘”4 x3dx

2 L YscC el
0

31/4?-~c”LkTﬂ‘1ZD x3dx

2 L Yac e 1
0

0

The upper limit of integration is
_ Yecnp _ Yacnp |

X T kT T VKT
since U 6N ﬂl:3
L*=Vandnp = —
and np 7
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Section 4: The Debye Model, 1912 43

Then we can write

) _~_Cu61/3Nﬂl:3_£_D
PT kT TV - T
where
H T1=3
£p = ?C %ﬂ = Debye Temperature

The Debye temperature is xed for a particular temperature - it ba-
sically dependson (N=V)=3,

4.4. The Debye Mo del at Low Temp erture

Let's nd C, at low temperature. At low temperatures, T ¢ £p and
soxp A 1. We canwrite Xxp = 1 here, sincebeyond x = 10 the
integrand is approximately zero.
From tables we nd
x3dx _ ¥4

e&j 1 15
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Using this in
we nd
But
£p
o)
Toc JJ

E =

M4

Xb

x3dx

318~c M LkT
2L Yec

3L3KAT

e

414

2 2363 15°

H'ﬂs

D EY =

k

34,V 6k3

= SNKT
215
3vi

= ~—NkT*=
215

5 £3

6N 12
6
£3

INKT4Y4

~3c3

Bac k

1
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In other wordsC, ! OasT ! O and at low temperaturesC, / T3.
This is the Debye T2 approximation. At high temperaturesthe model
yields the Dulong and Petit result. This model is \exact" at low and
high temperature and an interpolation formula in between.

At \suzciently" low temperatures,the T2 approximation is good.
At sud temperatures only long wavelength acoustic modes are ex-
cited. These are just the modes that can safely be treated as an
elastic continuum with macroscopicelastic constarts. The energy of
short wavelength modes (for which this approximation fails) is too
high for them to be signi cantly populated. For actual crystals, the
temperaturesfor which the T2 law holdsis quite low, typically £ p =50.
As examples£ p = 645K for Si, in fact, let's look at this column of
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the periodic table.

Elemen £p (K)

C 2230
Si 645
Ge 374
Sn 200
Pb 105

Note that the heavier atoms have the lowest £ p's, this is because
the velocity of sound decreasess density increases.

In a later course, you will study optic and acoustic phonons. A
common practice is to model acoustic phonons with the Einstein
model being used to model the optical phonon part of the phonon
spectrum. Further discussionis beyond the scope of our course at
this point.*

LIf you really want to know more at this point refer to Kittel's Intr oduction to
Solid State Physics
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