Math 4315 - PDEs Sample Test

1. Determine the Fourier series for
(i)
1 if-2<x<0
fx) = .
x+1 if 0<x<2
(ii)

—x if-1<x<0
¥ if 0<x<1

Solution 1i

1 O 1 r2
apg = —/ 1dx+§/(x+1)dx:3

nritx

2
a, = / cos—dx+ /(x+1)cos@dx:
2 Jo 2

nritx

2 . N7IX
by, = 2/ sm—dx—i—zfo(x—l—l)sdex——

The solution is

flx) = —|—ZancosT+bnsinnzﬂ
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Solution 1ii

0 1 5
ay = / —xdx+/ Xdx ==
-1 0 6

0 ., 3cosnm—1
a, = —X COoSnTx dx + X“Cosnmxdx = ———5—5—
—1 0 ns
0 1 2(cosnm —1
by, = / —xsinnnxdx+/ x?sinnmxdx = %
—1 0 n37r
The solution is
O o
flx) = > + Y ay cos nmx + by sin nmx
i=1
5 &3cosnm—1 2(cosnmt—1)
T Z P cosnﬂx—l—wsmnnx.
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2. Solve

ut:uxx, 0<X<L,



subject to the initial condition and boundary conditions

(i) u(x,0)=5x—x% u(0,t)=0, u(4t)=4

x2+1 ifo<x<1,

, u(0,t)=1, u(2,t)=0
2(x—2)% ifl<x<2. u(0,1) u(2t)

(ii) u(x,0) = {

Solution 2i
Before we can use separation of variables, it is necessary to transform this
problem to one that has fixed zero boundary conditions. If we let

u=v-+ax-—+b>o,
we find that choosing @ = 1 and b = 0 given the new problem to solve

Ut:Uxx, 0<X<L,
v(x,0) =4x —x%, v(0,t) =0, v(4,t)=0.

If we assume separable solutions in the form v = X(x)T(t), then PDE
separates giving
T/ X//

T X’
from which we obtain

T'=AT, X'=AX.

The boundary conditions become X(0) = 0, X(4) = 0. The solution of
the X equation is
X = ¢y sinkx + ¢ coskx,

where A = —k?. To satisfy both BCs we must choose A = ”zlgz and c; = 0.
This then gives
. nm
X = c1sin Tx.
Solving for T gives
T = C3€_%t

which in turn gives

0 2.2
_ntm . nrit
v=) bye T tsme,
n=1

where we have taken b, = cjc3. Imposing the initial condition gives

64(1 — cosnr)

2 4 . N7
b, = Z/o (4x — x) sin Txdx = 33



This then gives the solution as

> 64(1 — cosnrm w22 nit
vzz ( — )e_ To ' gin — x,
n3r

and u is

Solution 2ii
Before we can use separation of variables, it is necessary to transform this
problem to one that has fixed zero boundary conditions. If we let

u=v+ax-+»n,
we find that choosing a = —1/2 and b = 1 given the new problem to solve
vtzvxx, O<x<2,

2 X :
X+ 3 fo<x<1
v(x,0) = 2 " 0(0,8) =0, v(2,t)=0.
(x,0) {2x2—12—5x+7 ifl1<x<2 0.9 29

If we assume separable solutions in the form u = X(x)T(t), then PDE
separates giving
T/ X//
T X
from which we obtain
T'=AT, X'=AX.

The boundary conditions become X(0) = 0, X(2) = 0. The solution of
the X equation is
X = ¢y sinkx + ¢ coskx,

where A = —k2. To satisfy both BCs we must choose A = 24 and c; = 0.
This then gives

. N7
X = c1sin Tx.

Solving for T gives

n27T2
T=cze %!
which in turn gives
e 2.2
__ntr t 7’17T
u= bye” % 'sin—x
7’;1 2 '

where we have taken b, = cjc3. Imposing the initial condition gives

nri
b, = 2/ x?—= s1n—xdx—|—2/ (2x 2——+7)s1n7xdx
16cos L +32cosnm) 24sin ”2”
- n3713 n2 72



This then gives v as

o 2.2
_ntmty nrt
U:ane 4 sme,

n=1
and u as

1 ad n
U= —§x+1+ ane*T sin%rx,

n=1

3. Solve Laplace’s equation
Mxx+u]/y:0, 0<X<L, O<y<L,
subject to the boundary conditions

(i) u(x,0)=0, u(0,y)=0, u(x,1)=x% u(ly) =0,

(ii) u(x,0)=0, u(0,y)=0, u(x,2)=0, u2,y)=2y—y>

Solution 3i

If we assume separable solutions of the form

u(x,y) = X(x)Y(y),

then
X"y +Xy" =0.
or
X// Y/l
Y + 7 - O/
This gives
X// Y//
~ = A, v = —A, A constant.

The boundary conditions become
X(0)=0, X(1)=0, Y(0)=0.
In order to satisfy the X BCs, we need A = —k? and so solving for X gives
X = ¢y sinkx + ¢y coskx.
The X boundary conditions gives k = nmt, k € Z* and ¢; = 0so
X(x) = ¢y sinnmx,

and further
Y(y) = czsinhnmy + ¢4 coshnmy.
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Since Y (0) = 0 this implies ¢4 = 0 so

o0
u=Y_ apsinnmxsinhnmy. (a, = cic3)
n=1

From the last boundary condition

(o0]
u(x,1) = x* = Y aysinnmxsinhn,
n=1

If A, = a,, sinhnrm, then

4(cosnm—1) HCOSNTT

2 1 .
A, = —/ x?sinnmx dx = 33
1Jo n°r nr

Thus, the solution is

sinh nmy

> [4(cosnmt—1) _cosnrm
sinhnsm

u(x,y) =y —2 ) sin nmx

3.3
= n37 nrit
Solution 3ii

If we assume separable solutions of the form

u(x,y) = X(x)Y(y),

then
X"Y +XY" =0.
or
X// Y// 0
X Ty Y
This gives
X// Y//
~ = A, v = —A, A constant.

The boundary conditions become
X(0)=0, Y(0)=0, Y(2)=0.
In order to satisfy the Y BCs, we need A = k? and so solving for Y gives
Y = ¢y sinky + cp cos ky.

The Y boundary conditions gives k = %f, k € Z* and ¢; = 0s0
Y(y) = c1sin %y,

and further
X(x) = c3sinh %x + c4 cosh %x.



Since X(0) = 0 this implies ¢4 = 0 so
u= 7; a, sinh %x sin %y. (an = c1c3)
From the last boundary condition
> nr
2,y) =2y —1y> = inh n7t sin —
u2,y) =2y —y ;ansm nrsin —-y,

If A, = a,, sinhnrm, then

2 (2 o . NTT 16(1 — cosnr)
An:i/o (2y—y)51n7yd]/: 13773 :
Thus, the solution is

® 16(1 — cosnrm)sinh®x = nmx
u(x,y) =Y, ( ) 2 sin —-y.

n=1

n3m3 sinhnm



