PDE Review

1 Jacobians and the Chain Rule

1.1 Chain rule

Consider
u=a%y 1)
and the change of variables
r=1r"+s" y=rs (2)
Eliminating x and y gives
u=rs(r’+ 52)2 . (3)

If we wish to calculate partial derivatives with respect to r and s then we would simply

calculate partial derivatives obtaining

up = 4%s (r? + ) + s (1 + 32)2 : (4a)
us = 4rs® (r* + %) +r (r* + 32)2 . (4b)

In calculus III, we were introduced to the chain rule for functions of two variables, namely

Up = Uy + UyYy, (5a)
Us = UpTs + UyYs. (5b)
For the preceding example
Uy = 2, uy = 12,
T, = 2r, Ty = 28,
Yr = S, Ys =T



and from (5) gives

u, = 2xy2r +2%s
= 4r’s (7“2 + 52) + s (T2 + 32)2 )
us = 2xy2s+ a’r,

= 4rs? (7“2 + 52) +7r (7‘2 + 82)2 )
giving exactly (4). For a second example, consider v = u(z,y) and the change of variables
x=rcosf, y=rsinb. (6)
If we were asked to find u, and u, in terms of u, and u,, then we would use

Uy = UpTy + UgSy, (7a)

Uy = UpTy + UsSy. (7b)
To use (7), it is necessary to solve (6) for r and 6, i.e.
r=+a22+y?, O=tan'Z, (8)
T

and then from (7) we obtain (using r,, r,, s, and s, where appropriate)

z Y

Uy = \/mur = 7 Usg, (9a)
X
Uy = ——2 n (9b)

Uy Us.
Va2 +y? z? +y?

However, we note we have a problem! The right hand side of (9) involves z,y,r and s —
all the variables. Therefore, we must eliminate = and y from (9) using (6). In doing so, we

obtain

sin @

Us (10a)

U, = cos Ou, —

cos b

Us. (10Db)

Uy = SN U, +

One might suggest that we use (5) and then solve for u, and u,. This would work, however,
for more than two independent variables, the algebra gets very complicated. This is especially

true when calculating higher order derivatives.



The natural question is — Is there a way to transform derivatives directly from (z,y) —

(r,8)? The answer is yes! We use Jacobians. Recall the Jacobian J(u,v,x,y) is defined as

0(u,v) Uy U
J = = T Y 11
(uoy) = G = ()
In terms of Jacobians, we can write derivatives simply as
O(u,y) _ O(z,u)

YT 0@y T Aay) (12)

and to transform from (z,y) — (r,6) then we just use the chain rule for Jacobians, i.e.

o Owy) 800 dwu) Or0)
o) Oy 7 0(r0) Oxy)
or
u,y) 0(x,y o(x,u) 0(x,y
o P D) ) dley) )
a(r,0)" O(r,0) d(r,0)" O(r,0)
Substituting (6) in (13) gives rise to (10).
If we were to transform derivatives from (x,y,z) — (p,0, ¢) where
x = pcosfsing, y=psinfsing, z= pcosa, (14)
we would use 3 x 3 Jacobians. For example, consider u,. For this we have
o(u,y,2)
p = —2" 15
" ) )
and using the chain rule, we would obtain
A(p,0,9)" 0(p,0,0)
where the two Jacobians are
Up Ug Uy
W =| sinflsin¢ pcosh sing psinfcoso |,
(p,0,9) cos ¢ 0 —psin ¢
d(x,y, 2) Cf)sﬁslingb —psinf ;z’ngb pcgs@cosgb
o0 3 sinfsing pcosf sing psinfcos¢ |
(p,0,9) cos ¢ 0 —psin ¢
Simplifying each and dividing gives
sin ¢ cos 6 cos ¢
U, = cos f cos ¢ u, — Py Up P Ugp. (17)
Similarly for u, and w, giving
) cos sin 6 cos ¢
u, = sinfcos¢ up+psin¢ue+Tu¢, (18)
u, = cosfu,— sin ¢ Ugp. (19)




1.2 Second Order Derivatives

In this course it will be necessary to transform 2" order derivatives. Thus, we will need
a chain rule for these. Here, we will use the results from (7), whereby differentiating with

respect to x gives

0
Uze = 7 Uy
5 (Ua)
0
= 7 (UpTp + UsS,
ox ( )
UpTy + UpT oy + ? Sy + ugSs
= T UrTy rlxx — UsSy UgSry
ox ox
and using the relation that
0
ox or Os
gives
Upy = T2Upp + 27 Splps + Sollss + Tyl + Spgls. (20)

Similar results apply for u,, and u,, and are given by

Ugy = TalyUpr + (Tacsy + Tysx) Ups + SzSylUss + Tzyly + Sayls, (21>
Uyy = riurr + QTySyUrs + SZQJUSS + TyyUy + SyyUs. (22)
Ezample 1
If
r=r—y, Ss=z+y,
then
re =1, ry=—1, 1 =0, ry =0, ry=0
sp=1, s,=1, 553 =0, 85,=0, 5,,=0,

which gives (20)—(22) as

Upy = Upp + 2Ups + Uss,
Ugy = —Upp + Uss,
Uyy = Upp — 2Ups + Uss.
FExample 2
In this example, consider
r=r*—5% y=2rs. (23)



In order to use the chain rules (20)—(22) we would need to solve (23) for r and s (yuk!).

However, it is easier to use Jacobians. From (13) (with 6 replaced with s) we obtain

17ru, — su, 1 su, + ru,
Uy = ——————— Uy = ——————.
2 24527 Vo2 r24 42

Identifying the operators
0 1 r 90 1 s 0 0 1 s 90 1 r 0

p— , — — _.|_ N —
or  2r2+4s20r 2r2+s20s dy 212+ s20r 212+ 520s
then to find w,,, it is sufficient to apply the first operator twice, i.e.

0%u 1 r 0 s 0
—_— — N R u
Ox? a\rzes2or 24 s2 82 05 r2 + 52 87“ 124 520s

_1 r 2 r s %
4\ r24+s20r r2+s285 r2+328r 245205 )

T2Upp — 278Uy + $°Uss (1% — 35 )u, — s(3r? — s%)u,
= — : (24)
4(r? + s2)? 4(r? 4 s2)3

Similar results apply for u,, and wu,,.

2 Differential Equations

2.1 First Order Equations

Ordinary differential equations of the form

y' =F(z.y) (25)

are called first order ordinary differential equations. There are a variety of techniques to

solve these type of equations and main methods are:

i) separable
ii)  linear
i)  Bernoulli
) Ricatti
V) homogeneous
vi)  linear fractional
vii)  exact
viii) Legendre transformations



2.1.1 Separable Equations

A separable first order differential equation has the form:

Y~ fwl) (26)

The general solution is found by separating the differential equation and integrating including

a single constant of integration, 7.e.
/ L g / f(@)de +
—dy = x)dx + c.
9(y)

Yy =zy+r+2y+2,

For example, to solve

it is necessary to rewrite it as

v =(x+2)(y+1).

Separating variables and writing in integral form gives

d
—y:/x—i—de,
y+1

and integrating yields ,

Injly+1| = %+2w—|—c.
Letting ¢ = In(k) and solving for y gives:
y=k. e /P 1,

2.1.2 Linear Equations

Equations of this type are in the form
dy
-7 = 27
Yt pla)y = ala) (27)
To solve this, we introduce the integrating factor
,u — efp(m)dz (28)

This is designed so that when both sides of (27) are multiplied by p, the left side (27) is a

derivative of a product, that is, it becomes:

dy d
0 (@ +py> = @(uy),



and then (27) can be integrated. For example, if

dy 2y

=21° —1 29
dr ¢ ’ (29)
then p(z) = —2, so that
o= e*2f% _ 672lnx =—.
x
On multiplying (29) by p gives
1dy 2y 5 1
r2dr  a® 2’
which simplifies to
d 1 9 1
_ —_ — r — —
dr \22 Y x?
Integrating gives
1 , 1
S y=r+-+c
x x
and solving for y gives
Y= ot 4+ x4 cx?.
2.1.3 Bernoulli
Equations of the form
dy "
Dty =gyt (£ 0,1) (30)
are called Bernoulli equations. Dividing both sides of (30) by y" gives
1dy p(z)
-7 = 31
S I~ (31)
Let v = y,}_l, then 2 = (1 — n)yin% or (1%)% = y%j—g. Upon making this substitution into
(31) gives
1 dv
b = (o)

which is linear. So Bernoulli equations can be reduced to linear equations.

Ezample



This is an example where n = 3. Putting this into standard form gives

%Z_i _ %é —1 (32)
Letting v = 1% , then 2 = ;_32%7 and (32) is transformed to
1dv 1
Todr T
or ;
v
=2

As this is linear, then p(x) = %, and the integrating factor for this is x, so that

d d
. (xv) = xé +v =2z,
and thus
v = —2° + c,
or
c
vV=—x+ —.
x
So that
! -
— = — —
Y x’
or
+1

2.1.4 Ricatti Equations

Ricatti equations have the form:

j—i = a(x)y* + b(z)y + c(x). (33)

To find a general solution to this requires having one solution first. Given this solution, it is

possible to change equation (33) to a linear equation. If we let

1
y:y0+_a
U

where v, is a solution to (33), then (33) is transformed to the linear equation

u' = —(2a(z)yo + b(x)) u — a(x),



which is linear. To illustrate, we consider the following example

dy vy
— = -4+ =+ 1. 34
dx 2 + T + (34)

Since yo = x is a solution to this equation, let y = = + %, and (34) becomes
! 1 1 1 1
-2 == (2422 )= (a4 =)+
u? x2 u  u? x u

u 1 1
T T T T

u? Tu X

Simplifying gives

)
u2

and multiplying by —u? and rearranging gives rise to the linear equation

1 1
Iy = —. 35
U —u= (35)
Here p(z) = —1 so this has the integrating factor y = ef = = 1,50 (35) becomes
u' uwd (u) 1
r 22 dr\z/ ¥
and upon integration gives
U 1 n
—=——=+c
x 2x2 ’
or
1
u=cr——.
2z
Since y = x + %, this gives y as
1
y=x+ T
= 5%
2.1.5 Homogeneous Equations
Equations of the form
dy Y
Y _ R (-) 36
dx x (36)
are called homogeneous equations. Substituting y = xu will yield the equation
du
— =F(u).
e +u (u)
which separates to
du _dx
Flu)—u



Consider the previous example,

dy vy
=2 4+ 241, 37
dx x? - x * (37)
If we let y = zu, then (37) becomes
d
gxu) = —u'+u+l,
or
d
xﬁ—i—u: —u’ +u+1

and simplifying and separating gives

du  dw
1—u?
Integrating gives
1 I | +1 In || +1
—In =lIn|z|+1Inc
2 |lu—1 ’
or
u+1 9
=cx
u—1
Since y = zu this gives
y
T + 1 _ 2
=@
or
yt+zx 2
=cr
y—x
solving for y leads to the solution
B crd +x
Y= a2 1

2.1.6 Linear Fractional

Equations that have the form
dy ax+by+e
dv  cx+dy+ f’

are called linear fractional. Under a change of variables,

T=7T+a, y:g—i_ﬁa

10



we can change equation (38) to one that is either homogeneous (ad — be # 0) or to one that

is separable (ad — bc = 0). The following examples illustrate. Consider

dy 20 -3y+8

== <7 - 39
de  3x—2y+7 (39)
If we let
T=7+aq, y:g—i_ﬂ?
then (39) becomes
dy _ 2r —3y+20—35+38
dz 37 —2y+3a—28+7
Choosing
20— 30 +8=0, 3aa —208+7=0, (40)
leads to B ) B
G2 (41)
dr 3% — 2y

a homogeneous equation. The natural question is, “does (40) have a solution?” In this case,

it does and we can find that the solution is & = —1 and 3 = 2. The solution of (41) is
-3+ =c (42)

and from our change of variables (r =z — 1, y = y + 2) we find the solution to (39) is
(x+1)2=3x+Dy—-2)+@w—-2>=c (43)

As a second example, consider
dy 4x —2y+8

= ) 44
dx 20 —y+7 (44)
If we let
r=7+a, y=y+p,
then
dy 4r —2y+4a—20+38
dz 2t —y+2a—B+7 "
We choose

4o —2+8=0, 2a— 3+ 7=0,
but this has no solution! However, if we let u = 2z — y, then (44) becomes

d_u_ 6
de  u+7

Y

11



which is separable! Its solution is given by
u? 4 14u = 12z + ¢,
and upon back substitution, we obtain the solution of (44) as
(22 —y)* + 1422 — y) = 12z + ¢,
2.1.7 Exact Equations

An ordinary differential equation of the form

dy
J_F 4
o = @), (45)
has the alternate form
M (z,y)dx + N(z,y)dy = 0. (46)

If M and N have continuous partial derivatives of first order in some region R and

oM _oN
oy  Ox’
then the ODE (45) or (46) is said to be “exact” and can be integrated by setting
D¢ ¢
P M, and =N
Ox ) an Oy

For example, consider the differential equation

dy 2xy

A 4
dz 2+ y?’ (47)

which can be written as

2vy dx + (2% + y?)dy = 0. (48)

If we identify that M and N are

M =2zy and N = 22 + ¢,

SO
oM  ON
ERL
dy ox
so 2zy dz + (2% + y?)dy = 0 is exact. Setting
0 0
8—i = 2xy, and a—;b =22 4+ %

12



then from the first of these equations upon integrating we get

¢ =2y + g(y),

taking the partial of this with respect to y gives

a(b 2 ’
— = + .
By 9'(y)
Comparing this to g—i = 22 + 9% gives that
g =y
SO ,
)
= — + c,
9y) =3
so that
Y

¢ = 2%y + 3 te
From Cal IIT we know that

d¢ = (;5de + ¢ydya

but in this case this is

d¢ = 2xydr + (2° + y*)dy = 0

so ¢ is a constant. Thus we have as solutions to

22y dw + (2 + 3*)dy = 0

3

¢o==Fk or x2y+y§+c:kz,
and absorbing the constant k£ into ¢ gives
3
Yy + % +c=0

as the set of possible solutions to (47).

2.1.8 Legendre Transformations

Sometimes it is necessary to solve more general equations of the form

F(z,y,y') =0,

13



say, for example

y? —zy' + 3y =0. (50)

One possibility is to introduce a contact transformation that enables one to solve a given

equation. Contact transformations, in general, are of the form
r=FX, YY", y=GX,Y,Y'), ¢ =HX,Y,Y, (51)

with the contact condition that

GX —+ ny/ —+ GY/YN .
Fx + Fyy + FyY"

One such contact transformation is called a Legendre transformation and is given by

dy 4y ,

One can verify that
d ay 42y
dy dX(XdX_Y)_X

dy _ _ X _
4 (dY 2
dr ix (%) %
Substitution of (52) in (50) gives
dy
2X—— —3Y +X?=0 53
e + (53)
a linear ODE! Solving gives
Y =CX? — X2 (54)
Substituting (54) back into (52) gives
1 1
x = ch2 —2X, y= 5CX% - X2 (55)

Solving the first of (55) for X 2 gives

N|=

X

_ 3cE£ V9 + 32z

S (56)

and from the second of (55) gives

3 4
<3c + /92 32;c) <3c + /92 + 3295)
8 8 ’

c
2

the exact solution of (50).

14



2.2 Linear Systems

A linear system of equations

dx dy
a-am—kby, %—cx—i-dy, (57)

can be can be written as a matrix ODE
dz
= AF 58
_ T - a b . )
where T = ( y ) and A = ( e d ) If we consider solutions of the form

T = _e)‘t,

then after substitution into (58) we obtain
AeeM = AceM

from which we deduce

(A — A)e=0. (59)

In order to have nontrivial solutions ¢, we require that
AT — Al =0. (60)

This is the eigenvalue-eigenvector problem. If
a b
=(00)

N —(a+d)A+ad—be=0,

then (60) becomes

from which we have three cases:
(i) two distinct eigenvalues
(ii) two repeated eigenvalues,

(iii) two complex eigenvalues.

Here we consider an example of the first, two distinct eigenvalues. If

15



5o (1h)r

then the characteristic equation is

A—=1 —1] B B
P e e LS B
from which we obtain the eigenvalues A = —1 and A = 2.

Case 1: A= —1
From (59) we have
-2 -1 C1 . 0
-2 -1 (&) o 0 ’

from which we obtain upon expanding 2c¢; + ¢ = 0 and we deduce the eigenvector

(1),
(5o)(a)-(0)

from which we obtain upon expanding ¢; — ¢; = 0 and we deduce the eigenvector

—(1 )

The general solution to (61) is then given by

j::cl( _12 )et—|—02< 11 >e2t.

Sometimes a system of ODEs can be written as

P(t,z,y) Q(t,z,y) R(t,z,y) (62)

This is similar to the alternate form for a single ODE

Case 2: A\ =2

From (59) we have

2.2.1 Alternate Form

j—y = F(z,y) or M(z,y)dz + N(x,y)dy = 0.
T

One could write (62) in terms of the usual system

dr Q@ dy R

d P dt P’

16



and determine whether its linear or nonlinear and proceed as above but sometimes its not

possible nor desirable.

Ezample 1

Consider the following
de _dy _du

r 2y 3u’
Here, it is easier to pick them in pairs, say for example

dr _dy dr_du

2 z  3u

Each are easily solved giving rise to

— = C1, = Ca.

FExample 2

Consider
dx B d_y B du

u—x 2r u—zx

(63)

Here we need to be somewhat choosy in how we pick our pairs as not all pairs will work (i.e.

a pair with only two variables). The choice here is the first and third

dx du

u—= uUu—2=

as this simplifies to

dx = du,

which integrate to u = x + ¢;. With this we substitute into the original system and obtain

dx

6, 2

dy dx

noting that we now in fact have only a single pair
dr  dy

a2z

Upon integration, we obtain

2
r° =y + co,

and using c; obtained previously, we get

2? = (u— )y + cy.

17



Ezxample 3

Consider
dx dy dz
r T4y zHy+z
Again, choose wisely. Here we choose the first pair
dx dy dy x4y
— = , or — =
x x4y dx x

which we find as its solution

y=2xln|z|+ .

Eliminating y in the first and third pairing in (64) gives

dz dz
r  r4zhn|z|+ar+z
or
dz  z+zxlnjz|+cr+z
dr '

x
which is linear in z. Integrating gives

z
o= In|ln|z|| + (c1 + 1) In|z| + c2,

and eliminating cy gives

i In(ln|z]) + (y — zln|z| + 1) In |z| + co.
Ezxample 4

Consider

dx _@_ dz

) (65)
y+z Y T—y
Here it is impossible to choose a pair that only involves 2 variables so we need to be very

clever. Consider the first and second as a pair and the second and third terms as a pair and
re-write as

dr  y+z dz

r—y
i . — = 66
dy y dy y (96)
now here’s the clever part, add and subtract the two ODEs in (66)

drx+z) z+z dlz—2z2) 2y—x+=2

) (67
dy Y dy y )
If welet u=1x+ z and v =z — 2, then

du

dv 2y—wv

(67) becomes
u
y Y

dy  y

18
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from which we find the solution
u 2
52017 Yyu =y~ + Ca,

or, in term of the original variables

T+ 2
=c, (v—2)—19*=cy

Example 5

Consider
d d d d d
ar _ a4y _du _ ap _ 49 (68)
T Y 1 2p 2q
Here, there a 5 independent variables x, y, u, p, and ¢. Again, we pick in pairs. First we pick

only the first two in (68)

d d
==, (69)
x )
and obtain the solution y = ¢;z. Using this in (68) gives
@:cldx:@_@_dq (70)

x T 1 2p 2

noting the first two terms in (70) are identical (after cancellation) and thus we really only

have
dr du dp dq (71)
z 1 2 2q¢
Now we pick another pair — first and second in (71) so
dr  du
r 17
S0
u—In|z| = co.
The first and third in (71) integrates to
p
ﬁ = C3,
and the first and forth in (71) integrates to
7 _
E = (4.
Thus, the solution to the system (68) is
) p q
— = u—In|z| = ¢, =0 g =l (72)

19



Exercises

1. Calculate the first order derivatives u, and w, and second derivatives ., uz, and u,, for

the following change of coordinates (use Jacobian’s on the last two)

r=2xr—-vy, s=ux+vy,

)
(1) r=uze¥, s=xeY,
(il z=r—38, y=r+s,
(w) x=rcosb, y=rsind,

2. Derive the chain rule for the first and second order derivatives
Ug, Uy, Uz, Ugy, Ugy, Ugz, Uyy, Uyz, Uzz.
under the change of coordinates

r=r+s+t, y=r—s+t, z=r—s—1t.

Hint: Use Jacobian’s to derive the first order chain rule and then apply chain rule twice.

3. Solve the following first order ordinary differential equations

(i) xy =3y+a? (i) zy +y=2a"y,

2_342 .
D) % = ya:3_32””x;/, (iv) 2%y = 2*y® +zy — 3,

4. Solve the following systems of ODEs

20



5. Derive the chain rule for first and second order derivatives when the following change of

variables is made

x1 =171, 7,0 Th),
T2 :xQ(Tlar27"'rn)7
Tn :xn(Tlar%"'rn)-

6. Solve the following system of ODEs (for some integer n > 2)

dry  dry _dxy,

T X2 L,

7. Consider the following system of ODEs

dx dy dz
P(z,y,2)  Qz,y,2) R(zy,2)

Show that for some real constants a,b and ¢

dx dy ~  dz  d(ar+by+cz)
P(z,y,z)  Qv,y,2) R(z,y,z)  aP+bQ+cR’
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