Chapter 3. Second Order Linear PDEs

3.1 Introduction

The general class of second order linear PDEs are of the form:

a(x,y)uxx +b(x, Yty + (X, y)uyy

+d(xy)ue + e(xy)uy + f(x,y)u = g(x,y).

(3.1)

The three PDEs that lie at the cornerstone of applied mathematics are: the

heat equation, the wave equation and Laplace’s equation,i.e.

(i) us =1uyy, theheatequation
(if) up = Uyy, the wave equation

(iii) uxy+uyy =0, Laplace’s equation
or, using the same independent variables, x and y

(i) uxx—uy =0, theheatequation
(ii) uxx —uyy =0, the wave equation

(iii) uxx +uyy = 0. Laplace’s equation
Analogous to characterizing quadratic equations
ax® + bxy +cy® +dx+ey+ f =0,
as either hyperbolic, parabolic or elliptic determined by

b*> —4ac >0, hyperbolic,
b? —4ac =0, parabolic,
b> —4ac <0, elliptic,

(3.3a)
(3.3b)
(3.3c)
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we do the same for PDEs. So, for the heat equationa =1, b =0, c =0
so b2 — 4ac = 0 and so the heat equation is parabolic. Similarly, the wave
equation is hyperbolic and Laplace’s equation is elliptic. This leads to a
natural question. Is it possible to transform one PDE to another where the

new PDE is simpler? Namely, under a change of variable

r=r(x,y), s=s(xvy),

can we transform to one of the following canonical forms:

Uy —Uss +Lo.t.,s. =0,  hyperbolic, (3.5a)
uss +l.o.ts. =0, parabolic, (3.5b)
urr + uss + l.O.t.S. — O, ellipth, (3.5(:)

where the term “l.o.t.s” stands for lower order terms. For example, con-
sider the PDE

This equation is elliptic since the elliptic b*> — 4ac = 4 — 40 = —36 < 0. If

we introduce new coordinates,
r=2x+vy, s=x-y,

then by a change of variable using the chain rule

Uxy = urrrgzc + 2ups7 xSy + usssi + Up¥yx + UsSxy,
Uyy = Uptxly + Ups(FxSy + TySx) + UssSxSy + UsTxy + UsSxy,
Uy = um’ﬁ + 2upsrySy + usssi + Usryy + UsSyy,
gives
Uyx = AUy + dulyps + Uss,
Uxy = Uy — Ups — Uss,

Uyy = Upr — 2Ups + Usgs.
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Under (3.7), equation (3.6) becomes
Upr + Uss = 0,

which is Laplace’s equation (also elliptic). Before we consider transforma-
tions for PDEs in general, it is important to determine whether the equa-
tion type could change under transformation. Consider the general class
of PDEs

Alxy + biiyy + cutyy = 0 (3.7)

where a,b, and ¢ are functions of x and y and noting that we have sup-
pressed the lower terms as they will not affect the type. Under a change of

variable (x,y) — (r,s) with the change of variable formulas (3.7) gives

a (urﬂ’;zc + 2UsTxSy + usssi + Uyt xx + ”sSxx>
4+ b (Uperaty + Urs(raSy + TySx) + UssSxSy + UpTxy + UsSxy) (3.8)
2 2
+ C (Myy + Urrry + zursrySy + MSSSy + urryy + uSSyy) - 0

Rearranging (3.8), and again neglecting lower order terms, gives

(ar,zc + bryry + crﬁ)urr +  (2arysy + b(rxsy + 1ysx) + 2crysy)urs (3.9)

+ (as2 + bsysy + csi)uss =0.

Setting
A = ar,zc + bryry + crﬁ,
= 2arysy + b(rxsy + 1ysy) + 2crysy, (3.10)
C = asi + bsysy + csﬁ,

gives (again suppressing lower order terms)
Aty + Buys + Cugs = 0,
whose type is given by

B? — 4AC = (b* — 4ac) (rxsy — rysx)2 ,



4 Chapter 3. Linear Second Order Equations

from which we deduce that

b* —4ac >0, = B>2-4AC>0,

b*—4ac =0, = B?-4AC=0,

b* —4ac <0, = B?>-4AC<0,
giving that the equation type is unchanged under transformation. We now
consider transformations to canonical form. As there are three types of

canonical forms, hyperbolic, parabolic and elliptic, we will deal with each

type separately.

3.2 Canonical Forms

If we introduce the change of coordinates

r=r(x,y), s=s(xvy), (3.11)
the derivatives change according to:
First Order
Uy = Uply + UsSy, Uy = Uply + UsSy, (3.12)
Second Order
Uyy = u,rr,% + 2Uys7Sx + usssi + UpTxx + UsSxx,
Uyy = UpTxly + Ups(FxSy + 1ySx) + UssSxSy + UpTxy + UsSyy, (3.13)
Uy = um’ﬁ + 2upstySy + usssi + Usryy + UsSyy,

If we substitute (3.12) and (3.13) into the general linear equation (3.1) and

re-arrange we obtain

(ary + brary+cry)ig + (2arxsy + b(rysy + rysy) + 2crysy) irs

+ (as2 + bsysy + csﬁ)uss +lo.ts. =0. (3.14)

Our goal now is to target a given canonical form and solve a set of equa-

tions for the new coordinates r and s.
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3.2.1 Parabolic Canonical Form
Comparing (3.14) with the parabolic canonical form (3.5b) leads to choos-
ing
ar,zc + bryry + cr§ =0, (3.15a)
2arysy + b(rxsy + 1ysy) + 2crysy =0, (3.15b)
Since in the parabolic case b?> — 4ac = 0, then substituting ¢ = % we find

both equations of (3.15) are satisfied if

with the choice of s(x, y) arbitrary. The following examples demonstrate.

Example 1.
Consider

Here, a = 1, b = 6 and ¢ = 9 showing that b? — 4ac = 0, so the PDE is
parabolic. Solving

rx+3ry =0,
gives
r=fGBx—y).
As we wish to find new coordinates as to transform the original equation

to canonical form, we choose
r=3x—-vy, s=y.
Calculating second derivatives
Uyx = pp, Uxy = —3Uypr + SUps, Uy = Upp — 2Uys + Uss. (3.18)
Substituting (3.18) into (3.17) gives

uss — 0!+

tNot to be confused with factorial (!).
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Solving gives
u=f(r)s+g(r).
where f and g are arbitrary functions. In terms of the original variables,

we obtain the solution

u=yfBx—y)+gBx—y).

Example 2.
Consider

Uy — Adxyuyy + 4y2uyy + xuy = 0. (3.19)

Here, a = x?, b = —4xy and ¢ = 4y? showing that b> — 4ac = 0, so the PDE
is parabolic. Solving

xzrx —2xyry =0,

or

xry —2yry =0,

gives
r=f(x’).

As we wish to find new coordinates, i.e. r and s, we choose simple
r=x%, s=u.
Calculating first derivatives gives
Uy = 2XYU;. (3.20)

Calculating second derivatives

Uy = 4x2y2uﬂ + 2yuy, (3.21a)
Uyy = 2x3yurr + 2xyuys + 2xuy, (3.21b)
Uyy = x4urr + 2x2urs + Usgs. (3.21¢)

Substituting (3.20) and (3.21) into (3.19) gives

4y2uss - 4x2yur — 0.
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or, in terms of the new variables, r and s,

s — S%ur — 0. (3.22)

An interesting question is whether different choices of the arbitrary func-
tion f and the variable s would lead to a different canonical forms. For

example, suppose we chose
r=2Inx+1Iny, s=Iny,

we would obtain
Uss — uy — us = 0, (3.23)

a constant coefficient parabolic equation, whereas, choosing
r=2lnx+1lny, s=2Inx,

we would obtain
uss — ur = 0, (3.24)

the heat equation.

3.2.2 Hyperbolic Canonical Form

In order to obtain the canonical form for the hyperbolic type, i.e.

urr - 1/155 + l.O.t.S. — O, (3.25)
it is necessary to choose
ar> + bryry + cri = — (as,zc + bsysy + csi) ,
2arysy + b(rysy +rysy) + 2crysy = 0. (3.26)

The problem is that this system is still a very hard problem to solve (both
PDEs are nonlinear and coupled!). Therefore, we introduce a modified hy-

perbolic form that is much easier to work with.



8 Chapter 3. Linear Second Order Equations

3.2.3 Modified Hyperbolic Form

The modified hyperbolic canonical form is defined as
lys + Lots. = 0, (3.27)

noting that a = 0, b = 1 and ¢ = 0 and that b? — 4ac > 0 still! In order to

target the modified hyperbolic form, it is now necessary to choose

ary + bryry + cry =0, (3.28a)
asfc + bsysy + csﬁ =0. (3.28b)

If we re-write (3.28a) and (3.28b) as follows

2
a <r—> yob X =0, (3.29a)
Ty Ty
S 2 S
a (—") +2b = 4+¢c=0, (3.29b)
Sy Sy

then we can solve equations (3.29a) and (3.29b) separately for ;—; and :—;
This leads to two first order linear PDEs for  and s. The solutions of these
then gives rise to the correct canonical variables. The following examples

demonstrate.

Example 3.
Consider
Uxx — 5uxy + 6uyy - O (3.30)

Here,a = 1,b = —5 and ¢ = 6 showing that b? — 4ac =1 > 0, so the PDE
is hyperbolic. Thus, (3.57a) becomes

r)% — 5rxry + 6r§ =0, si — Sery + 655 =0,
and factoring gives

(re=2n) (re=31) = 0, (5= 25,) (s —35,) =0,
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from which we choose
rx_zry:(), Sx_3Sy:0,
giving rise to solutions

r=f(2x+y), s=gBx+y).
As we wish to find new co-ordinates as to transform the original equation
to canonical form, we choose
r=2x+y, s=3x+y.
Calculating second derivatives

Uxy = 4 + 1205 + s,
uxy - Zurr + 51/[1‘5 + 3“55, (3.31)

Uyy = Uy + 2Ups + Uss.
Substituting (3.31) into (3.30) gives
urs — O.

Solving gives
u=f(r) + ()

where f and g are arbitrary functions. In terms of the original variables,

we obtain the solution

u=f2x+y)+gBx+y).

Example 4.
Consider

Xtyy — (X + Y)uxy + Yty = 0. (3.32)
Here,a = x,b = —(x +y) and ¢ = y showing that b*> — 4ac = (x —y)? > 0,
so the PDE is hyperbolic. Solving

xr2 — (x + Y)rary + yrﬁ =0,
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or, upon factoring
(xrx —yry) (rx —1y) = 0.
As s satisfies the same equation, we choose the first factor for » and the

second for s

xry —yry =0, sx—s,=0. (3.33)

Upon solving (3.33), we obtain
r=fy), s=glx+y).
As we wish to find new co-ordinates, i.e. r and s, we choose simple
r=xy, s=x+y.
Calculating first derivatives gives
Uy = YUy +Us, Uy = XUy + Us. (3.34)

Calculating second derivatives

Upx = VPllyr + 2Ylhys + Uss, (3.35a)
Uxy = XYUpy + (X +Y)Ups + Uss + Uy, (3.35b)
Uyy = XUy + 2X1Uys + Uss. (3.35¢)

Substituting (3.34) and (3.35) into (3.32) gives

(4xy — (x ‘H/)z) urs — (x +y)ur =0,

or, in terms of the new variables, r and s,

S

lys +
g2 4y

ur:O.

3.2.4 Regular Hyperbolic Form

We now wish to transform a given hyperbolic PDE to its regular canonical
form
Uy — Uss + 1o.ts. = 0. (3.36)
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First, let us consider the following example.
Xy — yzuyy =0. (3.37)
If we were to transform to modified canonical form, we would solve
xry —yry =0, xsy+ysy =0,

which gives
r=flxy), s=gx/y).

As we wish to find new co-ordinates, i.e. ¥ and s, we choose simple
r=xy, s=x/y.

In doing so, the original PDE then becomes

1
Ups — Zus =0. (3.38)

However, if we choose
r=Inx+Ilny, s=Inx-—-Iny,
then the original PDE becomes
Ups — s =0, (3.39)
which is clearly an easier PDE. However, if we introduce new coordinates
« and B such that

r+s r—s
27 p= 27

noting that derivatives transform

1 1 1 1 1 1
U, = EM,X + EM’BI Us = Eua - Euﬁ Urs = Zlumx - Zuﬁﬁ/ (3.40)

and the PDE (3.39) becomes

Upy — Ugg — 22U, + 2u5 =0,
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a PDE in regular hyperbolic form. Thus, combining the variables r and s

and « and 8 gives directly
x=Inx, pB=Iny.
In fact, one can show that if
r—s
“m PE
where r and s satisfies (3.28a) and (3.28b) then « and p satisfies

an + bayay + cocj = - (aﬁi + bBxBy + cﬁi) ,  (341a)
2amy By + b(axfy + ayBx) + 2cayfy = 0. (3.41Db)
which is (3.58a) with r and s replaces with a and B. This give a convenient

way to go directly to the coordinates that lead to the regular hyperbolic

form. We note that

+
0 p="=2 (3.42)
2
so we can essentially consider
arfC + bryry + cri =0, (3.43a)
asfc + bsysy + cs§ =0. (3.43b)

but instead of factoring, treat each as a quadratic equation inr, /7, or sy /sy

and solve according. We demonstrate with an example.

Example 5.
Consider
81/lxx — 6“xy + uyy - O. (3.4:4)

The corresponding equations for » and s are

87/% — 6731y + rﬁ =0, (3.45a)
857 — 6sxsy + 5, =0, (3.45b)
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but as they are identical it suffices to only consider one. Dividing (3.57a)

by rﬁ gives

Solving by the quadratic formula gives

ry 6%2
r, 167

or

8ry — (3+1)ry = 0.
The method of characteristics gives

dx _ dy

g~ 317 =0

which gives
r=f(3+£1)x+8y),

which we choose

r=3x+8yLx,

which leads to the chose
r=3x+8y, s=x,
Under this transformation, the original equation (3.44) becomes
Uy — Ugs = 0,

the desired canonical form.

Example 6.

Consider
XY Uy — xzyzuxy - 2x3yuyy — Uy + 2x2uy =0. (3.46)
The corresponding equations for » and s are

xy°r2 — x? err —2x3yr2 = 0, 3.47a)
YTy Y Trxly yry

xy3s2 — xzyzsxry - 2x3ys§ =0, (3.47b)
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and choosing the first gives

y2 (r_x)z — xy:—x —2x2 =0.

Ty y
Solving by the quadratic formula gives
ry _ (1£3)x
ry 2y

or
2yry — (1£3) xry = 0.

Solving gives
r=f <x2+2y2i3x2) .
If we choose f to be simple and split according to the £ gives
r = x2 +2y2, s = 3x2,
Under this transformation, the original equation (3.46) becomes
Upr — Uss = 0,

the desired canonical form.

3.2.5 Elliptic Canonical Form

In order to obtain the canonical form for the elliptic type, i.e.
Uy + Ugg + 10.t.s. =0,

it is necessary to choose

ar,% + bryry + crﬁ = <as§ + bsysy + csi) ,

2arysy + b(rysy +rysx) +2crysy = 0. (3.48)

The problem, like the regular hyperbolic type, is still difficult to solve.

However, we find that if we let

po b g_a—p (3.49)

27 2i

Please note the switch in the variables r and s and « and B.
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where a and B satisfy

aoc?c + bayay + czx; =0, (3.50a)
ap% + bBxBy + cpy =0, (3.50b)

then (3.48) is satisfied. This is much like the connection between modi-
tied and regular hyperbolic canonical form. As solving (3.50a) gives rise
to complex roots, the formulas (3.49) will take real and complex parts of
the solved aandf equations as new variables. The next few examples will

illustrate.

Example 7.
Consider

The corresponding equations for r and s are
ry —4rery + 51, =0, (3.52a)

53 — 4sx5y + 55, =0, (3.52b)
but as they are identical it suffices to only consider one. Dividing (3.52a)
(5)2—4r—x+5 0.

Ty Ty
Solving by the quadratic formula gives

by ry gives

r .

L =24/,
Ty

or

The method of characteristics gives

dx dy
T gy =0
which gives

r=f2x+y+ix),
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which we choose

r=2x+y=xtx,
which leads to the chose
r=2x+vy, s=x,
Under this transformation, the original equation (3.51) becomes
Upr + Uss = 0,

the desired canonical form.

Example 8.

Consider

2(1 +x2)2uxx ~2(1422) (14+2) ug + (1 +y2>2uw+4x (1+x2) ux =o.
(3.53)

The corresponding equations for r and s are

but as they are identical it suffices to only consider one. Solving by the
quadratic formula gives

e (210 (1+37)
ry 1+ x2

/4

or
2(142) e = (1) (1492) ry = 0.

The method of characteristics gives the solution as
r=f <tan_1 x+2tan"ly +tan? x> ,

which we choose

r=tan 'x+2tan 'y +tan 'z,
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which leads to the choice
— o] -1 — tan—1
r=tan "x+2tan "y, s=tan "x,
Under this transformation, the original equation (3.53) becomes

Upy + Ugs — 2yur =0,

and upon using the original transformation gives

r—s
urr + uSS — Ztan ur — 0,

the desired canonical form.

Exercises
1. Determine the type of the following second order PDEs

(i)  y*uax + 2Yihxy — ttyy = 0
2. Transform the following parabolic PDEs to canonical form. Find the

general solution if possible.

(ii) yzuxx — 2XYuxy + xzuyy =0.
(iii) yzuxx + 2xYUyy + xzuyy — 2xu, = 0.
3. Reduce the following second order PDEs to modified hyperbolic canon-

ical form

(i) X uxy — 3xyuyy + 2y uyy = 0.
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4. Reduce the following second order PDEs to canonical form
(1)  duyy — 8ulyy + 3uyy =0,
(ili)  XPur + Y2y =1,
(iv)  wxx — (1+y*)%uy, = 0.

5. If a linear second order PDE

is hyperbolic, then it is possible to transform to a modified hyperbolic

canonical form

uys + lo.t.s. =0,

by choosing  and s such that they satisfy

arjzc + Zbrxry + cri = 0,

as2 + 2bsysy + csﬁ = 0.
5(i) Show that by introducing new variables « and B such that
x=r+s, P=r-—s,
then the following equations are satisfied

a2 + 2bayy + coc§ = - (a,Bi +2bBy By + c,BJZ/) ,

This then leads to the hyperbolic canonical form
Ugo — Upp +l.o.ts. = 0.

5(ii). If, instead of the a and B introduced in 5(i), we introduce « and B

such that

& = c11r + 128, P = cor + 208,
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where c11, c12, c21 and ¢, are constant and r and s satisfy the above first

order PDEs, namely

ar,zc + Zbrxry + crﬁ = 0,

asi + 2bsysy + csﬁ = 0,
find conditions on c71, ¢12, ¢21 and ¢2> such that

an’ + 2bayay + cocf; = — (a,Bi +2bBxBy + C,B‘;) ,
EllXxle —+ b(axﬁy + ry,Bx) + Clxyﬁy = 0.

are still satisfied.



