Name Test 3, Spring 2022

Part 1: Basic Knowledge (5 points each, 10 points total)
1) What does it mean for a =,, b? State the definition.

nlb—a

2) What does it mean addition to be well defined mod n? State the definition.
If a; =, a, and b; =,, b,, thena, + b, =, a, + b,.
Or equivalently,

If [a1], = [az]n and [b1], = [by]y, then [a; + by, = [ay + by 5.



Part 2: Basic Skills and Concepts (5 points each, 20 points total)

3)Find3 -6 —4 mod 10.

18—-4=14=4

4) Solve 3x = 5 mod 7.

=
M
NN

5) Solve 3x = 6 mod 12.

x = 2,610

6) What is [5],,? No words please. Just math.

[5]20 ={-++,5,25,45,--}



Part 3: Proofs (50 points total)

7) Prove that [5]1o N [6]10 = @

(It is not enough to write them down and point to it, though that would get you partial credit. Prove that they have nothing in common, please!)
(10 points)

Suppose x € [5];9 N [6]10-

~ x € [5]9

~x =10k + 5forsomek € Z

~ x € [6]19

~x =101+ 6forsomel € Z
~10k+5=10l+6

~10k—10l=6—-5=1

-~ 10|1

This is a contradiction. Therefore x & [5];0 N [6]1,
Because x was arbitrary, [5];o N [6]1o = @

OR

[5]10 and [6],, are both equivalence classes mod 10. By previous theorem, equivalence classes form a
partition, which are inherently disjoint. Therefore [5],0 N [6]1¢ = @.



8) Prove the equality below for all integers n = 1. (20 points)

zn: 1 _n
L 2l-1)Q2l+1) 2n+1

Base Case:
S 1 11
;(21 -DCI+1) OB 3
1 1
2-1+1 3
1

1 1
";(21—1)(21+1)_2-1+1

1

@D = Serl forsome k € Z

K
Assume Y12 T

k+1 k
1

1 1
; QI-DCI+1) ; 2l-DeI+D)  Ch+D)-DRKk+D+1)
k 1
S 2k+1 T Zk+ D2k +3)
_ k(2k+3) 1
T Rk+1)(k+3) i 2k + 1)(2k + 3)
 kQk+3)+1
T QRk+ DRk +3)
2k?+3k+1

T 2k+ D)2k +3)
_ Ck+Dk+1)
T Rk+1)(Rk+3)
(k41

T (k+3)

o (k+ 1)

T QKk+1D4+1)

. . n 1 . n
Therefore by induction, )/~ D@D — anel foralln € N.




9) Prove the inequality below for all integers n = 2. (20 points)
n! <n"

Base Case:
21=2< 4 =22

Assume k! < k¥ for some integer k > 2.
k+D!'=(k+Dk! < (k+DE* < (k+1) - (k+ 1Dk = (k+ 1Dk

Therefore n! < n™ foralln € N.



Part 4: Review (20 points total)

10) Find {3,4,5,6,7} — {2,3,4,5}
(5 points)

{6,7}

11) What is the truth table for P = Q?
(5 points)

m|T AT
AT HQ

—A| |74l




12) Prove that if x and y are both rational, then x + y is rational.
(10 points)

Assume x,y € Q. Then x = %and y = gfor some a, b, c,d € Z. Therefore:
a ¢ ad cb ad+ch

Y=y aTd Thd T T hd




