
Name ________________________________________________________________ Test 2, Spring 2021 

 

1) Given the basis 𝐵 = {[
1
1
1

] , [
4
3
2

] , [
1
2
1

]} and 𝑥⃗𝑆 = [
1
2
3

]

𝑆

, find a formula for [𝑥⃗]𝐵. (10 points) 

 

 

[
1 4 1
1 3 2
1 2 1

]

−1

[
1
2
3

] 

 

 

 

 

 

 

 

2) Given the bases 𝐵1 = {[
1
1

] , [
2

13
]} and 𝐵2 = {[

4
3

] , [
0
1

]}, find a formula for the change of basis matrix 

that converts vectors from basis 𝐵1 into vectors from basis 𝐵2. (10 points) 

 

[𝐼]𝐵1

𝐵2 = [
4 0
3 1

]
−1

[
1 2
1 13

] 

 

  



3) Find the determinant of the matrix below. (15 points) 

 

[

1 2 0 3
1 3 0 5
0 0 1 −4
3 4 0 2

] 

 

|

1 2 0 3
1 3 0 5
0 0 1 −4
3 4 0 2

| = 1 |
1 2 3
1 3 5
3 4 2

| = |
3 5
4 2

| − 2 |
1 5
3 2

| + 3 |
1 3
3 4

| 

= (6 − 20) − 2(2 − 15) + 3(4 − 9) = −14 + 26 − 15 = −3 

 

 

 

 

 

 

  



4) Given the linear transformation 𝑇: ℝ𝑆
2 → ℝ𝑆

2 given by 𝑇 ([
𝑥1

𝑥2
]

𝑆
) = [

3𝑥1

𝑥1 + 𝑥2
]

𝑆
 and the bases below, 

find a formula for [𝑇 ([
1
2

]
𝐵1

)]
𝐵2

. (10 points) 

𝐵1 = {[
1
0

] , [
2
3

]} 

𝐵2 = {[
4
4

] , [
2
1

]} 

 

[𝑇 ([
1
2

]
𝐵1

)]
𝐵2

= [
4 2
4 1

]
−1

[
3 0
1 1

] [
1 2
0 3

] [
1
2

] 

 
 

  



5) Answer the following questions. (3 points each) 

A) Let 𝐴 be a 3 × 3  matrix and assume that it has rank 2. How many solutions does 𝐴𝑥⃗ = 0⃗⃗ have? 

 

∞ 

 

 

 

 

B) Let 𝐴 be a 3 × 4 matrix and assume that the corresponding linear transformation 𝑇 is not onto. 

What is the minimum dimension of the null space of 𝐴? 

 

2 

 

 

 

 

C) Let 𝐴 be a 3 × 7 matrix. Assume that the dimension of the row space is 3. What is the dimension 

of the column space? 

 

3 

 

 

 

 

D) Consider a system of 5 equations in 3 variables. Assume there are infinitely many solutions. If 𝐴 

is the matrix representing this system, what are the possible values for the rank of 𝐴?  

 

0, 1, or 2. 

 

 

 

 

E) Let 𝐴 be a 6 × 6 matrix and 𝑇 the corresponding linear transformation. If dim(𝑘𝑒𝑟(𝑇)) = 2, 

what is the rank of 𝐴?  

 

4  



6) Find the product below. (10 points) 

[
1
2

] [ 3 4 5] 

 

 

[
3 4 5
6 8 10

] 

 

 

 

 

 

 

 

 

 

 

 

 

7) Let 𝑓(𝑥) = 2𝑥 + 3, find 𝑓 ([
1 2
0 2

]). (5 points) 

 

𝑓 ([
1 2
0 2

]) = 2 [
1 2
0 2

] + 3 [
1 0
0 1

] = [
5 4
0 7

]  



8) Given the information below, find a formula for [
𝑥1

𝑥2
]. (5 points) 

[
1 2
4 7

]
−1

= [
−7 2
4 −1

] 

 
𝑥1 + 2𝑥2 = 5

4𝑥1 + 7𝑥2 = 7
 

 

 

[
𝑥1

𝑥2
] = [

−7 2
4 −1

] [
5
7

] 

 

 

 

 

 

 

 

 

 

 

9) Find a basis for the vector space below. (5 points) 

𝑠𝑝𝑎𝑛 ({[
1
0
0

] , [
4
3
0

] , [
0
1
0

] , [
5
2
0

]}) 

 

 

𝐵 = {[
1
0
0

] , [
0
1
0

]}  



10) Given the information below, find 𝑇 ([
1
2

]). (10 points) 

𝑇: ℝ2 → ℝ3 

[𝑇] = [
2 0
1 0
4 3

]  

 

𝑇 ([
1
2

]) = [
2 0
1 0
4 3

] [
1
2

] = [
2
1

10
]  

 

 

 

 

 

 

 

  



11) Find the inverse of the matrix below. (5 points) 

[
1 0 4
0 0 1
0 2 0

] 

 

 

[
1 0 4 1 0 0
0 0 1 0 1 0
0 2 0 0 0 1

] ~𝑅 [
1 0 4 1 0 0
0 2 0 0 0 1
0 0 1 0 1 0

] ~𝑅 [

1 0 4 1 0 0

0 1 0 0 0
1

2
0 0 1 0 1 0

] ~𝑅 [

1 0 0 1 −4 0

0 1 0 0 0
1

2
0 0 1 0 1 0

] 

 

[
1 0 4
0 0 1
0 2 0

]

−1

= [

1 −4 0

0 0
1

2
0 1 0

] 

 

 

 

 


