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1) Let 𝑅 be a ring. Describe, in an English sentence, the set {𝑥 ∈ 𝑅|∀𝑟∈𝑅(𝑥𝑟 = 𝑟𝑥) (50 points) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2) Why are 𝑥 + 𝑖 and (1 + 𝑖)𝑥 + (−1 + 𝑖) associates in ℂ[𝑥]?  (50 points) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



3) Let 𝐼 and 𝐽 be ideals of a ring commutative ring 𝑅. We can define an operation on these two ideals 

we’ll call “+” via: 

𝐼 + 𝐽 ≔ {𝑎 + 𝑏|𝑎 ∈ 𝐼, 𝑏 ∈ 𝐽} 

Prove that 𝐼 + 𝐽 is an ideal of 𝑅. (100 points) 
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4) Let 𝐼 and 𝐽 be ideals of a ring commutative ring 𝑅. Refer to the previous problem for the definition of 

𝐼 + 𝐽. Prove that 𝐼 ⊆ 𝐼 + 𝐽. (50 points) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5) Let 𝑆 ⊆ ℤ be the set of all prime numbers. Is 𝑆 a ring? Justify your answer. (50 points) 

 

 

 

  



6) Let 𝑅1 be a ring with operations “+” and “⋅”. Also let 𝑅2 be a ring with operations “⊕” and “⊙”.  

a) Define 𝑅1 × 𝑅2 as a set. (5 points) 

 

 

 

 

 

b) Define the standard addition operation on 𝑅1 × 𝑅2. (5 points) 

 

 

 

 

 

 

 

c) Define the standard multiplication operation on 𝑅1 × 𝑅2. (5 points) 

 

 

 

 

 

 

 

d) Prove that 𝑅1 × 𝑅2 has unique additive inverses under your addition operation. (35 points). 
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7) In a commutative ring with unity suppose that 𝑛 is the least positive integer for which we get 0 when 

we add 1 to itself 𝑛 times; we then say 𝑅 has characteristic 𝑛. If there exists no such 𝑛, we say that 𝑅 has 

characteristic 0. For example, the characteristic of ℤ5 is 5 because 1 + 1 + 1 + 1 + 1 = 0, whereas 

1 + 1 + 1 + 1 ≠ 0.  

 

Suppose 𝑅 and 𝑆 are commutative rings with unity, and there is an isomorphism 𝜑: 𝑅 → 𝑆. Prove that if 

𝑅 has characteristic 𝑛, then 𝑆 also has characteristic 𝑛. (100 points) 


