
Name _______________________________________________________________ Test 1, Fall 2018 

 

1) Let 𝑏 > 0 and assume |𝑥 − 𝑏| <
4

5
|𝑏|. Prove that 𝑥 >

𝑏

5
 

 

Assume 𝑏 > 0 and |𝑥 − 𝑏| <
4

5
|𝑏|. 

∴ −
4

5
|𝑏| < 𝑥 − 𝑏 <

4

5
|𝑏| 

∴ −
4

5
|𝑏| < 𝑥 − 𝑏 

∴ −
4

5
𝑏 < 𝑥 − 𝑏 

∴
1

5
𝑏 < 𝑥 

  



2) Prove that {
1

(𝑛+2)3 + 1} → 1 

 

Scratch work: 

1

(𝑛 + 2)3
< 휀 

1

𝑛3
< 휀 

𝑛3 >
1

휀
 

𝑛 >
1

√휀
3  

 

Let 휀 > 0 

Choose 𝑁 = ⌈
1

√
3 ⌉ 

Then for all 𝑛 ≥ 𝑁 we have: 

|
1

(𝑛 + 2)3
+ 1 − 1| = |

1

(𝑛 + 2)3| < |
1

𝑛3| ≤ |
1

𝑁3| = ||
1

(⌈
1

√휀
3 ⌉)

3|| = ||
1

(
1

√휀
3 )

3|| ≤ |
1

 
1
휀 

| = |휀| = 휀 

 

 

 

  



3) Assume {𝑎𝑛} → 𝑎 and {𝑏𝑛} → 𝑏. Let 𝑓(𝑥) and 𝑔(𝑥) be specified polynomials. Also assume that 𝑏 ≠ 0, 

𝑔(𝑏) ≠ 0 and 𝑔(𝑏𝑛) ≠ 0 for all 𝑛 ∈ ℕ. Prove that {
𝑓(𝑎𝑛)

𝑔(𝑏𝑛)
} →

𝑓(𝑎)

𝑔(𝑏)
 

 

 

  



4) Construct a proof of the statement below by using the statements given on the accompanying 

statement bank. The left column should consist of expressions from the statement bank verbatim. Do 

not make up your own statements. The right column should consist of a very brief justification. 

 

If 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0, then 𝑥 =
±√𝑏2−4𝑎𝑐−𝑏

2𝑎
 

 

Claims Justification 
 

Assume: _________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

  



5) Prove that √15 ∉ ℚ using the statement bank provided, similar to the previous problem. 

 

Claims Justification 
 

Assume: _________________________ ________________________________ 

 

 

_________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 

 

 

∴ ________________________________ ________________________________ 



 

6) Construct a proof of the statement below by using the statements given in the multiple choices. Do 

not make up your own statements. The right column should consist of a brief justification. 

{
1

𝑛
} → 0 

           Proof Statements Justification or Explanation 
 

(A) Let 휀 > 0 

(B) Choose 휀 > 0 

(C) ∴ 휀 > 0 for some 휀. 

(D) ∴ 휀 > 0 for all 휀. __휀 is arbitrary________________ 

 

(A) Choose 𝑁 =
1

⌈ ⌉
∈ ℕ. 

(B) ∴There is an 𝑁 ∈ ℕ such that 
1

𝑁
< 휀 

(C) ∴ 𝑁 =
1

⌈ ⌉
 for some 𝑁 ∈ ℕ 

(D) ∴ 𝑁 =
1

⌈ ⌉
 for all 𝑁 ∈ ℕ ________________________________ 

 

(A) Thus if 𝑛 ≥ 𝑁: 

(B) Thus for all 𝑛 ≥ 𝑁: 

(C) Thus because 𝑛 ≥ 𝑁: 

(D) Thus for some 𝑛 ≥ 𝑁: ________________________________ 

 

 

 

 

 ________________________________ ________________________________ 

 

 

 

≤ <  

 

(A) |
1

𝑛
| 

(B) |
1

⌈𝑛⌉
| 

(C) |
1

𝑛+1
| 

(D) |
1

⌈𝑛⌉+1
| 

(E) |
1

𝑁
| 

(F) |
1

⌈𝑁⌉
| 

(G) |
1

𝑁+1
| 

(H) |
1

⌈𝑁⌉+1
| 

(I) 휀 

(J) 
1
 

(K) 
1

𝛿
 

(L) 𝛿 

 

(Use these choices for the boxes above. Then provide your justification on the blank lines above.  



 

Statement Bank 

 

√15 =
𝑎

𝑏
 

√15 ∉ ℚ 

𝑏√15 = 𝑎 

15𝑏2 = 𝑎2 

15𝑏2 = 9𝑘2 

5𝑏2 = 3𝑘2 

15𝑏2 = 25𝑘2 

3𝑏2 = 5𝑘2 

15𝑏2 = 225𝑘2 

𝑏2 = 15𝑘2 

3|𝑎 

3|𝑎2 

5|𝑎 

5|𝑎2 

15|𝑎 

15|𝑎2 

3|𝑏 

3|𝑏2 

5|𝑏 

5|𝑏2 

15|𝑏 

15|𝑏2 

√15 =
𝑎

𝑏
 for some 𝑎, 𝑏 ∈ ℤ 

√15 =
𝑎

𝑏
 for some 𝑎, 𝑏 ∈ ℚ 

√15 =
𝑎

𝑏
 for some 𝑎, 𝑏 ∈ ℝ 

√15 =
𝑎

𝑏
 for all 𝑎, 𝑏 ∈ ℤ 

√15 =
𝑎

𝑏
 for all 𝑎, 𝑏 ∈ ℚ 

√15 =
𝑎

𝑏
 for all 𝑎, 𝑏 ∈ ℝ 

𝑎 = 3𝑘 for some 𝑘 ∈ ℤ 

𝑎 = 3𝑘 for some 𝑘 ∈ ℚ 

𝑎 = 3𝑘 for some 𝑘 ∈ ℝ 

𝑎 = 5𝑘 for some 𝑘 ∈ ℤ 

𝑎 = 5𝑘 for some 𝑘 ∈ ℚ 

𝑎 = 5𝑘 for some 𝑘 ∈ ℝ 

𝑎 = 15𝑘 for some 𝑘 ∈ ℤ 

𝑎 = 15𝑘 for some 𝑘 ∈ ℚ 

𝑎 = 15𝑘 for some 𝑘 ∈ ℝ 

This is a contradiction 

WLOG gcd(𝑎, 𝑏) = 1 

WLOG gcd(𝑎, 𝑏) = 3 

WLOG gcd(𝑎, 𝑏) = 5 

WLOG gcd(𝑎, 𝑏) = 15 

 

 

 

 

 

 

 

 

 

  



Statement Bank 
 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 < 0 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 > 0 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 +
𝑏2

2𝑎
=

𝑏2

2𝑎
 

(𝑎𝑥2 + 𝑏𝑥 + 𝑐)2 = 0 

(𝑎𝑥 + 𝑏)2 = 0 

(𝑎𝑥 + 𝑏)2 = 𝑐 

(𝑎𝑥 + 𝑏)2 = 𝑏2 − 4𝑎𝑐 

(√𝑎𝑥 +
𝑏

2√𝑎
)

2

+ 𝑐 =
𝑏2

4𝑎
 

(√𝑎𝑥 +
𝑏

2√𝑎
)

2

− 𝑐 =
𝑏2

4𝑎
 

(√𝑎𝑥 +
𝑏

2√𝑎
)

2

=
𝑏2

4𝑎
− 𝑐 

(√𝑎𝑥 +
𝑏

2√𝑎
)

2

=
𝑏2

4𝑎
+ 𝑐 

(√𝑎𝑥 +
𝑏

2√𝑎
)

4
= (

𝑏2

4𝑎
+ 𝑐)

2

 

𝑥 =
±√𝑏2 − 4𝑎𝑐 − 𝑏

2𝑎
 

 

 

𝑎𝑥 = ±√
𝑏2

4
− 𝑎𝑐 −

𝑏

2
 

𝑎𝑥 = ±√
𝑏2

4
−

4𝑎𝑐

4
−

𝑏

2
 

𝑎𝑥 = ±√
𝑏2 − 4𝑎𝑐

4
−

𝑏

2
 

𝑎𝑥 = ±√
𝑏2 − 4𝑎𝑐

4
+

𝑏

2
 

𝑎𝑥 = ±
√𝑏2 − 4𝑎𝑐

2
−

𝑏

2
 

𝑎𝑥 +
𝑏

2√𝑎
= ±√

𝑏2

4𝑎
− 𝑐 

𝑎𝑥 = ±√
𝑏2

4𝑎
− 𝑐 −

𝑏

2√𝑎
 

𝑎𝑥 = ±√
𝑏2

4𝑎
− 𝑐 +

𝑏

2√𝑎
 

√𝑎𝑥 +
𝑏

2√𝑎
= ±√

𝑏2

4𝑎
− 𝑐 

√𝑎𝑥 = ±√
𝑏2

4𝑎
− 𝑐 −

𝑏

2√𝑎
 

√𝑎𝑥 = ±√
𝑏2

4𝑎
− 𝑐 +

𝑏

2√𝑎
 

 

 

 

 


