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SUMMARY
This final project is to demonstrate the advantage of using Finite Element Method to formulate and solve complex problem involving coupled partial differential equation. Moreover, it is to make a simulation of thermal energy transport of non-viscous and incompressible fluids flow in a pipe which is one of many applications in two-dimensional boundary value problems.

INTRODUCTION
First of all, I would like to thank my supervisor Dr. Weijiu Liu who has been very helpful throughout the course and the project. The passion and effort that he has shown in teaching the course has motivated me to for the knowledge of Finite Element Method and its application to formulate and solve complex problems in many different areas of studies. FEM is one of the most powerful methods in giving approximation of complex problems in areas including biology, mathematical finance, medical image, engineering, etc. It is made even easier with the main codes provided so that every user would only have to worry about the INCLUDE files concerning mostly about the boundary conditions and coefficients of the problem.
PROBLEM
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figure 1
The illustration shows fluid entering on the left with a uniform velocity and temperature which flows around the pipe which produces energy per surface area of the pipe per unit time. Furthermore, by the assumption of non-viscous and incompressible fluids, the flow is unaffected by the temperature field and thus there is no coupling between the fluid flow and the temperature field.
MESH GENERATION

MESH of the problem could be generated in many different ways with their own advantages. Basically the more we break the MESH into pieces, the more accurate of a solution that we will get, but then also there will be more of computation cost when the MESH is too complicated.
The dimension of the MESH of the problem is given with the diameter of the pipe to be 7.5 units of length with the region area of 20 units by 50 units. The circular are in the center represents the pipe and should not be included in the MESH as it is not affected by the fluid flow and temperature of the dimension.
MESH which I propose consists of six elements, where each element would be broken into more quadrilateral elements.
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figure 2
Elements’ sides are specified as follow
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figure 3
The six elements then connected with each other by specifying the coincide sides of the elements. Further more, it forms MESH with 140 elements, 168 nodal points with 4 nodes per elements.
The next step is to minimize the bandwidth required for the mesh we just created. Because of the difficulty of finding the true minimum bandwidth required, then one strategy that we use is by trials to obtain at least a decent/acceptable bandwidth.

This new node numbering is specified by using nodes 5 and 15 as the first wave.

Result:

-----------------------------------------

               Bandwidth

-----------------------------------------

              IB  =    20

   Symmetric:     Bandwith =  DOF*IB

   NonSymmetric:  Bandwith =  2*DOF*IB-1

   DOF = degrees of freedom per node

-----------------------------------------
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figure 4
FLOW OF IDEAL FLUIDS
Let Ux and Uy by the x and y components of velocity respectively, then 
· Incompressible flow is given by the condition:   ∂/∂x  Ux   +   ∂/∂y  Uy  = 0     

To satisfy the condition, we introduce potential function ψ so that

Ux = ∂ψ/∂y    and Uy = - ∂ψ/∂x  
· Irrotational fluid is given by the condition: 
∂/∂y  Ux   -   ∂/∂x  Uy  = 0     
Then to satisfy the condition, we substitute in the potential function to obtain:

∂ 2ψ        ∂ 2ψ


--------   +   --------   = 0, which we recognize as the Poisson equation in two dimensions.

∂ x2
   ∂ y2
FLOW ANALYSIS

The velocity field is given by:


Ux  =  x-component of velocity  =  ∂ψ/∂y

Uy  =  y-component of velocity  =  - ∂ψ/∂x
Where ψ is the solution of the Poisson equation: 
∂ 2ψ            ∂ 2ψ







--------     +     --------    = 0







∂ x2
        ∂ y2
Therefore, by solving the Poisson equation as stated above using suitable boundary condition, we can obtain the x and y components of velocity that would be needed to specify the thermal transportation.

For the boundary condition, it would depend on the geometry of the MESH:


TOP side:

ψ = 10


BOTTOM side:
ψ = -10

LEFT side:

ψ = y-coordinate


RIGHT side:

ψ = y-coordinate


CIRCULAR area:
ψ = 0.0
Then by steady.m we solve to obtain:
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figure 5
TEMPERATURE ANALYSIS

For the sake of simplicity of the project, lets assume that 
k = thermal conductivity of the fluid
 = 1

ρCp = heat capacity of the fluid
 = 1

Then the temperature field is given by the equation:

∂/∂x ( k ∂Φ/∂x ) + ∂/∂y ( k ∂Φ/∂y ) -  ρCp Ux ∂Φ/∂x - ρCp Uy ∂Φ/∂y = 0.0
where Ux and Uy is obtained from the flow analysis.

Boundary condition:

TOP side:

q = 0.0


BOTTOM side:
q = 0.0

LEFT side:

Φ = 0.0


RIGHT side:

q = 0.0


CIRCULAR area:
q = 1.0

Coefficient:

For all elements, we have to calculate the velocity components as


Ux =  ∂ψ/∂y    = [DNDY] {VP}

Uy = - ∂ψ/∂x  = [-DNDX] {VP}

Where Ux and Uy is the sum of all the derivative of the shape function of the 4 nodes on the current element and VP as the solution of the low field.
Thus, the coefficient of  ∂Φ/∂x and  ∂Φ/∂y are  -ρCp Ux and ρCp Uy respectively where ρCp = 1

By solving VP at different entrance velocity (0, 0.3, 0.6, and 1) we obtain different temperature field which shows how the temperature is affected by the fluid flow at different velocity level.

SOLUTION

V = 0









          figure 6
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TEMP field with





V = 0.3








          figure 7
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V = 0.6








          figure 8
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TEMP field with





V = 1.0








          figure 9
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V = 1.5








         figure 10
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CONCLUSION
As we see that from the problem above, non-viscous and incompressible fluid flow affects the thermal condition in the MESH; it shows the interaction between flow field and the temperature field resulting thermal transportation at different velocity level. Finite Element Method is used in this problem to make such a complicated problem to be easier and can be solved in several simple steps. Improvements can be done where we can obtain more accuracy by increasing the number of elements in the MESH, and do more trials to obtain new nodes numbering which leads to better bandwidth in order to increase efficiency. Another improvement would be to solve for non-ideal fluid condition which would mimic more into the real world problem. In conclusion, FEM makes the job easier to approximate solutions on problems involving high order partial differential equations on complicated boundary value problem.
MATLAB INPUT CODES for STEADY.m

MESH

JOIN


%     JOIN ARRAY

      0 0   0 0   0 0   0 0

      1 2   0 0   0 0   0 0

      0 0   2 3   0 0   0 0

      0 0   1 4   0 0   0 0

      4 4   0 0   0 0   0 0

      0 0   3 4   0 0   5 3


LOOPS


%-----------------------

%     NUMLPS    NNPE 

%-----------------------

           6       4

%-----------------------

%     NDIV-1    NDIV-2

%-----------------------

           4         5

           5         6

           4         5

           4         5

           5         6

           4         5

COORD

%     LOOP Coordinates (8 per loop)

%----------------------------------------------1

     -25        0

     -25        -5

     -25        -10

     -13.825825 -6.325825

     -2.65165   -2.65165

     -3.46455   -1.43506

     -3.75      0     

     -14.375    0

%----------------------------------------------2

     -2.65165   -2.65165

     -13.825825 -6.325825

     -25        -10

     0          -10

     25         -10

     13.825825  -6.325825

     2.65165    -2.65165

     0          -3.75

%----------------------------------------------3

     3.75         0

     3.46455    -1.43506

     2.65165    -2.65165

     13.825825  -6.325825

     25         -10

     25         -5

     25         0

     14.375     0

%----------------------------------------------4   

     -25        10

     -25        5

     -25        0     

     -14.375    0

     -3.75      0

     -3.46455   1.43506  

     -2.65165   2.65165

     -13.825825 6.325825

%----------------------------------------------5

     -25        10

     -13.825825 6.325825

     -2.65165   2.65165     

     0          3.75

     2.65165    2.65165

     13.825825  6.325825

     25         10

     0          10

%----------------------------------------------6

     2.65165    2.65165

     3.46455    1.43506

     3.75       0

     14.375     0

     25         0

     25         5

     25         10

     13.825825  6.325825


NPCODE.m

%--------------------------------- 

% NPCODE.m 

%  

% A user INCLUDE code

%

% LNP(I,J,K) = node K, on side J

% of element I.

%-------------------------------------

% --------------------------------

% Set n-factor for number of nodes 

% on a side

% --------------------------------

   if NNPE == 6 | NNPE == 8

      n=2;

   else

      n=1;

   end  

% ------------------------

% Initialize NPcode array

% ------------------------

   for i=1:NUMNP

      NPcode(i)=0;

   end

%  ---------------------------------

%  Set NPcode = 1 on left boundary

%  ---------------------------------

   IEND = n*NDIV(1,1)+1;   

   for I=1:IEND

      NI=LNP(1,1,I);  

      NPcode(NI)=1;

   end

   IEND = n*NDIV(4,1)+1; 

   for I=1:IEND

      NI=LNP(4,1,I);  

      NPcode(NI)=1;

   end

%  ---------------------------------

%  Set NPcode = 3 on right boundary

%  ---------------------------------

   IEND = n*NDIV(3,3)+1; 

   for I=1:IEND

      NI=LNP(3,3,I);  

      NPcode(NI)=3;

   end

   IEND = n*NDIV(6,3)+1; 

   for I=1:IEND

      NI=LNP(6,3,I);  

      NPcode(NI)=3;

   end

%  -----------------------------------

%  Set NPcode = 2 on bottom side of mesh

%  -----------------------------------

   IEND = n*NDIV(2,2)+1; 

   for I=1:IEND

      NI=LNP(2,2,I);  

      NPcode(NI)=2;

   end

%  ------------------------------------

%  Set NPcode = 4 on top side of mesh

%  ------------------------------------

   IEND = n*NDIV(5,4)+1; 

   for I=1:IEND

      NI=LNP(5,4,I);  

      NPcode(NI)=4;

   end

%  ------------------------------------

%  Set NPcode = 5 on inner circle of mesh

%  ------------------------------------

   IEND = n*NDIV(1,3)+1; 

   for I=1:IEND

      NI=LNP(1,3,I);  

      NPcode(NI)=5;

   end

   IEND = n*NDIV(2,4)+1; 

   for I=1:IEND

      NI=LNP(2,4,I);  

      NPcode(NI)=5;

   end

   IEND = n*NDIV(3,1)+1; 

   for I=1:IEND

      NI=LNP(3,1,I);  

      NPcode(NI)=5;

   end

   IEND = n*NDIV(4,3)+1; 

   for I=1:IEND

      NI=LNP(4,3,I);  

      NPcode(NI)=5;

   end

   IEND = n*NDIV(5,2)+1; 

   for I=1:IEND

      NI=LNP(5,2,I);  

      NPcode(NI)=5;

   end

   IEND = n*NDIV(6,1)+1; 

   for I=1:IEND

      NI=LNP(6,1,I);  

      NPcode(NI)=5;

   end   

NEWNUM


Inputs are: MESHo, NODES, NP (all produced from MESH)


Output: NWLD

FLOW


COEF


%------------------------------------------------------* 

%                                                      * 

%   d    d@    d    d@      d@     d@                  *

%   --(RX--) + --(RY--) + BX-- + BY-- + G@ + HV = 0    *

%   dx   dx    dy   dy      dx     dy                  *

%                                                      * 

%------------------------------------------------------* 

    RXJ = 1; 

    RYJ = 1; 

    BXJ=0;

    BYJ=0;

    GVJ = 0;

    HVJ = 0;

INITIAL.m


%-------------------------------

%    INITIAL.m

%

%    Set problem parameters.

%-------------------------------

for Ix=1:NUMNP

    %-------------------------------

    % Bottom side      --> PHI = -10

    %-------------------------------

    if NPcode(Ix) == 2

        NPBC(Ix)=1;

        PHI(Ix)=-10;

    %-------------------------------

    % Top side          --> PHI = 10

    %-------------------------------

    elseif NPcode(Ix) == 4

        NPBC(Ix)=1;

        PHI(Ix)=10;

    %-------------------------------

    % Circular area      --> PHI = 0

    %-------------------------------

    elseif NPcode(Ix) == 5

        NPBC(Ix)=1;

        PHI(Ix)=0;

    %-------------------------------

    % Left side          --> PHI = y

    %-------------------------------

    elseif NPcode(Ix) == 3

        NPBC(Ix)=1;

        PHI(Ix)=YORD(Ix);

    %-------------------------------

    % Right side         --> PHI = y

    %-------------------------------

    elseif NPcode(Ix) == 1

        NPBC(Ix)=1;

        PHI(Ix)=YORD(Ix);

    else

        NPBC(Ix)=0;

    end

end


NEWPHI

%input: PHI

%output: VP

%    newPHI = velocity * PHI

%    this example shows VP at velocity of 0.6 

      load PHI     -ASCII

      newPHI = 0.6*PHI;

      save VP newPHI -ASCII
TEMP

COEF

%------------------------------------------------------* 

%                                                      * 

%   d    d@    d    d@      d@     d@                  *

%   --(RX--) + --(RY--) + BX-- + BY-- + G@ + HV = 0    *

%   dx   dx    dy   dy      dx     dy                  *

%                                                      * 

%------------------------------------------------------* 

    RXJ = 1; 

    RYJ = 1; 

    %Initialize Ux and Uy ( velocity components )

    Ux = 0;

    Uy = 0;

    for i=1:NNPE

        TEMPi = VP(NP(I, i));

        Ux = Ux + DNDY(i)*TEMPi;

        Uy = Uy - DNDX(i)*TEMPi;

    end

    % PCp = heat capacity = 1

    BXJ= (-1)*(1)*Ux;

    BYJ= (-1)*(1)*Uy;

    GVJ = 0;

    HVJ = 0;


INITIAL.m


%-------------------------------

%    INITIAL.m

%

%    Set problem parameters.

%-------------------------------

load VP     -ASCII

for Ix=1:NUMNP

    %-------------------------------

    % NPCode 2, 4, 5     --> q = 1.0

    %-------------------------------

    if NPcode(Ix) == 2

        NPBC(Ix)=0;

        Q(Ix)=0.0;

    elseif NPcode(Ix) == 4

        NPBC(Ix)=0;

        Q(Ix)=0.0;

    elseif NPcode(Ix) == 5

        NPBC(Ix)=0;

        Q(Ix)=1.0;

        %-------------------------------

        % NPCode 3           --> q = 0.0

        %-------------------------------

    elseif NPcode(Ix) == 3

        NPBC(Ix)=0;

        Q(Ix)=0.0;

        %-------------------------------

        % NPCode 3           --> q = 0.0

        %-------------------------------

    elseif NPcode(Ix) == 1

        NPBC(Ix)=1;

        PHI(Ix)=0.0;

    end

end
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